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ABSTRACT. In this article, we will study the boundedness of intrinsic square functions on
the Herz spaces K;'(’.q)(')(R”). The corresponding commutators generated by BMO(R™)
functions and intrinsic square functions are also discussed on the aforementioned Herz

spaces.

1. INTRODUCTION

For 0 < v < 1, let C, be the family of all functions ¢ : R® — R such that ¢ has support
contained in {zx € R" : |z| < 1}, [, ¢(z)dz = 0 and such that for any z;,z, € R the
following inequality holds:

[p(z1) — @(a2)| < |71 — 22| (1)

For (y,t) € R and f € Lio.(R™), set

Ay (f)(y,t) = sup | f * o(y)] = sup

peCy peCy

(2)

/n ei(y — 2)f(2)dz| .

The intrinsic square function of f of order v is defined by

s = ([ aouor) ®)

where ¢y(z) = (%) and I'(z) = {(y,t) € R} : [z —y| < t}.
The definition of intrinsic square function S, was first introduced by Wilson in [1, 2].

In [2], Wilson proved the weighed LP- boundedness of intrinsic square functions. Lerner
[3] proved sharp LP(w) norm inequalities for the intrinsic square function in terms of the
A, characteristic of w forall 1 < p < co. The boundedness of intrinsic Littlewood-Paley
functions on Musielak-Orlicz Morrey and Campanato spaces was considered in [4].
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Letb € Lio(R") and b € BMO(R"). The commutator generated by b and the intrinsic
square function S, (f)(x) is defined by

2 3
dydt
[0, 55]( ( / / | Sup tn+1> SN

Wang [5], established the commutators of intrinsic square functions [b, S, | on weighted

/ b(x) — b(=))er(y — 2)f(2)da

LP space. Guliyev et al. [6] proved the intrinsic square function and their commutator on
weighted Orlicz-Morrey space.

Moreover, Izuki [7] defined the Herz spaces with one variable exponent p(-) and in-
vestigated the boundedness of sublinear operators on those space. Wang and Tao [8]
generalized the Herz spaces Kg(’g(')(R") with two variable exponent ¢(-) and p(-) and
obtained some boundedness results for Littlewood-Paley operators and their commu-
tators in these spaces. The boundedness of fractional integral with variable kernel on
Herz spaces with variable exponents was considered in [9]. In [10] the author proved the
boundedness of the commutator of the intrinsic square function in variable exponent
spaces.

The aim of this paper is to discuss boundedness properties of intrinsic square func-
tions and their commutators on the Herz spaces K;Y(’.q)(')(R”).

2. MATHEMATICAL BACKGROUND

Let E be a Lebesgue measurable set in R” with measure |E| > 0. Let us denote by xg
the characteristic function of E. We mention that, throughout the paper, C' denotes a
positive constant, not necessarily the same at each occurrence.

We recall some definitions.

Definition 2.1 ([11], Chapter 2, p. 18). Let p(:) : E — [1,00) be a measurable function.
The variable exponent Lebesgue space is defined by

LPO(E) = {f is measurable : /

E

p(z)
(\f(x)|> dz < oo for some constant n > 0} .
n

The space L") (E) is defined by

loc

¢ )(E) — {f is measurable : f € LP")(K) for any compact set K C E}.

loc

The Lebesgue spaces LP)(E) is a Banach spaces with the norm defined by

p(x)
HfHLpo(E):inf{n>o:/E(@) dxgl}.

We denote p_ = ess inf{p(z) : * € E}, p; = esssup{p(z) : x € E}. P(E) is the set of
all measurable functions p(-) satisfying p_ > 1 and p; < +o00 and P°(E) is the set of all
measurable functions p(-) satisfying p_ > 0 and p; < 400
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If p(-) € P(R") satisfies the follows inequalities:

Ip(z) — p(y)| < o —y| < 1/2;

log(|z — yl)’

Ip(z) — p(y)| < B ly| > |z.

log(e + ||

then, we have p(-) € B(R").
We know that, if p(-) € P(R"), then the Hardy—Littlewood maximal operator M,

being B a sphere in R”, is bounded on LP()(R™). The set B(R") consists of p(-) € P(R")
such that M is bounded on LPO)(R™).

Let us now recall the definition of space BM O(R™). This space consists of all locally
integrable functions f such that

| Fllzsro = ]l = sup Q| / (@) — foldz < oo,
Q Q

where fo = |Q|™! fQ y)dy, the supremum is taken over all cubes Q C R" with sides
parallel to the coordlnate axes and |@| denotes the Lebesgue measure of ().

Now, we give the definition of Herz space with variable exponents ¢(-), p(-).

Let B, = {r € R" : |z| < 2*},Cy = B\ Br_1, X = Xc,., k € Z.

Definition 2.2 ([8]). Let & € R™, ¢(-),p(:) € P(R™). The homogeneous Herz space with
variable exponents K(X(’Q(')(R”) is defined by

p(*)
R () = f € LD ®R0D) ¢ £l g gy < 50

where

||fHK;‘vq<'>(Rn) = H{Qka|ka’|}ZO:—ooqu(')(LP('))

mf{5>o Z (2’m|ka|) < 1}.
Lat)

k=—o00
The nonhomogeneous Herz space with variable exponents K q (R") is defined by

K () (Rn) ={f¢€ Lloc (R™\{0}) : Hf”Ks(ﬁU(Rn) < oo},
where

17 g0y = 2 Yo s

1nf{ﬁ>0 > (20| gl}.
La)

Next, we need some Lammas that will be used in the proofs of our main results.
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Lemma 2.3 ([11]). (Generalized Hélder’s inequality) If p(-) € P(R™), then there exists a con-
stant C such that, for all f € LPO)(R™) and all g € LP')(R™), the following inequality holds:

. [f(@)g(@)[dz < ClFlloer oy 91| Lo gy

_ 1 1
where C'=1+ = — -
Lemma 2.4 ([12]). Let p(-) € B(R™). Then, there exists a constant C' > 0 such that for any
balls B C R™, the following inequality holds:

1
E”XBHLP(‘)(R")

XBHLP/(‘)(]R") <C

Lemma 2.5 ([12]). Let p(-) € B(R™). For h = 1,2, there exist constants dp1,0p2, C > 0 such
that for all balls B C R™ and all measurable S C B the following inequalities hold:

Ixsllro@ _ 1Bl IXsllpiogs) (@)% Ixsllznoe o(ﬁ)%

IXsllzoor@ny = ISIT IxBll pogn —  \IBI) 7 Xl o gn | B

Lemma 2.6 ([8]). Let p(-),q(-) € P*(R") and f € LPOIO)(R™). Then

mm(“f“?ﬂ»q(‘)’ HfH%;(-)q«)) < H‘f‘q(')HLW < max(HquL;(,)q(_), HfH%;(-)m)-

Lemma 2.7 ([12]). Let us assume that b € BMO(R™) and that n is a positive integer. Then

there exists a constant C' > 0, such that for any k,j € Z with k > j, the following inequalities

hold:
(1) bl < sup o 16 — o) X3ll o oy < I,
B Lr() mn)

(2) 16 = bp;) x|l 2o ny < C(k = DOl [IxBy | o0 )

3. BOUNDEDNESS OF THE INTRINSIC SQUARE FUNCTIONS

Let 1 < p < oo, p’ = -5 and let w be a weight (i.e, a nonnegative locally integrable
function on R"). We say that w € A, if there exists C' > 0 such that for every cube
@ C R", the following inequality holds:

(ﬁ/@w(x)dx) (ﬁ/@w(m)lp'dx>p_l < C < co.

Wilson [1] proved the following weighted (L — L?) boundedness of the intrinsic square
functions.

Lemma 3.1 ([1]). Let 1 <p < 00,0 <y < landw € A,. Then there exists a constant C' > 0
such that

155 (s, < CllFll e

Lemma 3.2 ([13]). Given a family of functions JF, assume that for py, 1 < pg < oo and every
Wo € Apo)

/f@)mwO(l‘)dJ? < /g(x)powo(x)dx, (f,g) € F.

RTL
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If p(-) € P(E), then forall (f,g) € F and f € LPY)(E) we have
Hf”LP<'>(E) < CHQHLP(-)(E)

Since A,/¢ C Aw, by applying Lemma 3.1 and Lemma 3.2, it is easy to get the bound-
edness of the intrinsic square functions S, on LP0).

Theorem 3.3. Let us assume that p(-) € B(R"), ¢1(-), ¢2(-) € P(R") with (g2)- > (q1)+
and 0 < v < 1. If —nd1a < a < ndyy, where 011, d12 are the constants in Lemma 2.5, then the

operator S, is bounded from K ’(11)( )(R") (KIZY zh)( )(R”> to K;‘l’?j(')(R”) (KIZY ?2)( )(]R”>

Before starting the proof of Theorem 3.3, we state a simple inequality that will be used
in the proof.

Remark. Let h € Ny ap, > 0,1 < p, < oo. We have
00 P+
< (Ym)
h=0 h=0
here
. -f © < 1
o minp, i hZ:jOah <1,

o
max if ap > 1.
e Pn hZ_O h

Proof. We give the proof in the homogeneous case K;(’g(')(R”). The same proof is also
valid for the nonhomogeneous case K;Y(’_(;(')(R").
Let f € K*")(R"). We decompose f as follows:

pi0)
= > fl@x@) =) fi)

j=—00 j=—00

By the definition of the norm in Ka( %( J(R™), we have

> q2(")
2518, (f)xa
13 () ez gy = mf{n>0 > (— SRS
k=—o0 La20)
We have
o0 a2(°)
2ka|s (f)X | q2() 2ka| . Z S’Y(f])xk‘
04 k Jj=—00
' ( B > p1() — B11+pP12+P1s
Laz() p()
I a2(
k—2 72(") k41 q2(+)
2k 3T Sy ()X 2k % 1SW(fj)Xk|
J=—00 j=k—
=¢ P +C Bi2
Pr1(") Pr1(°)
La2() L a22()

- 10
2ke| ,;k: Sy (f3)xl
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where

j=—o00

k=2 >
b = {2ka| _Z Sv<fj)Xk‘} g

k=—collja2 () (Lr1())

k1 >
P2 = {Qka\ i Sv(fj)Xk|} :

k=—o00 la2(~)(Lp1(-))

{2’““\ 5 sy<fj>xk|}

j=k+2

-

k=—00

192() (LP1())

If B1 = i1 + Pi2 + iz thus

- <2ka|sv<fj>xk|>‘”“
Bi

k=—o0

Then
"Sw(f)Xk|‘Ka,«é})(-)(Rn) < OB < ClBir + Pra + Bl

Hence, if we prove that
Puir S Ol f |l on ) gy Bra < Ol fll o) gy Brs < Ol f 1l o) gy
p1(*) p1(*) p1(*)

we are done. Let us set ) = HfHK;,?)@(Rn).

We consider (5 first. Applying Lemma 2.6, we have
k+1 ()
o |21 Y s

J=k—
2 g

k=—o00
p1(")
La2()
k+1 (Q%)k
N EXD oERiAI
< I
N k:z—:oo b
Lr1()
2% |.S, (f5) x|
<C Z PYAIIART 7
k:X—:oo (gzkzzl 51 Lr1()
where
( - a2()
2] S5 ()l
(Q2)— J_k_gll < 17
)
(@) = 4 . LGo
k1 q2(+)
2ol ST Sl
(22)+ B > 1.
p1(")
\ La2()
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By the boundedness of S, on LP()(R"), it follows

. 2ka|j_§k:15v(fj)xk\ KL [1gkal £ (]| (@
— <C — .
k:z:oo 51 k:z:ooj:zk:l 51 Lr1()
r1(4)
I, a2()
- 0,a1(7) (on 2°|fx;] 2% x|\ 10
Since f € K} (R™), then we get HTJ O < 1,and J_Z_:oo‘ <7) o <1
Hence, again applying Lemma 2.6, we obtain that
a2(") )
ka
00 2 | ; S (f])Xk’ 0o 2ka|ka’ q1(-) ésf))-k%
> || —= <o 3 ()
k=—00 b k——o00 A r1()
Pi() nt)
Laz()
qx
00 oka a(-)
<C Z < ’ka|> <C.
Pl b [2210)

(QQ)k
Here q, = mellg )

The previous calculations imply that
B2 <CPy < CHfHKO"ql<'>(Rn)'
p1()
Next we estimate (1. If v € Cy, (y,t) € I'(z), z € C;N{z: |y — 2| < t},j <k —2, then

1
(le =yl +y —=2[) = —Ix— 2| 2 7lal.

[\DI»—t

Thus, we have

Ay (f) ()] = (// sup / puly — 2)fi(2)dz Q?ﬁtf
<C /Co /x e t /C S ei(y — 2) fi(2)dz

<c (/C !fj(Z>VdZ> (/CT’ tﬁ“)

< CQ_k"/C |fi(2)|d=

- CQ_anfjHLl(R")-

(NI

2
dydt

tn—i—l

N|=
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% oy S 1we deduce that
Lpri1()a1
k—2 a2()
00 Qka‘ Z Sy (fi)xl
> —
k=—00 /Bl
p1(")
La2()
k—2 (a3
o ||2%1 22 Sy (fi)xl
<C J= 7
B k;m 51
Lr1()
<C Z = Z 272 e
=—00 j=—o00 61 Ll(R”)
) B k—2 fX (@9)k
<C Z 2k Z — IxB, 102" B, |
k=—00 | j=—00 ﬁl LPl(')(Rn)
o T k—2 (3)k
<O Z oka Z X X8, o)
B k=—oc0 L j=—00 Bl LP1O)(R7) ||XBk||L,,/1(A)
© [ f (@3)x
< C Qka 2 k)ndi1 Xj
k;z_:oo J_Z_:OO ﬁl LP1C)(R7)
- 0| @r (a2
o0 2a]fX| 1y q1)+
<C Z Z 2] k)(né11—a) (| J ’
k=—00 j——oo ﬁl LP1 ()1 () (Rn)
where
( k—2 q2(-)
2ke| ,_:; Sy (f3)xl
(QQ)— - B1 S 17
2), = L35
(q2)k o k2 a2(-)
2ke| .;7: Sy (f5)xk]|
(g2)+ —; > 1
p1()
N La2()
If (q1)4 < 1, then by the fact (p1)4 < (p2)- < (¢3)x, we have
k—2 q2(+)
oo 25 30 S (f5)xx]
2. —
k=—00 Bl
pa(°)
La2()
s
o k—2 : ) q1)+
o _ Qa]fX" q1
< 9(i—k)(né11—a) <| J
B k_z_ _Z ﬁl ) ]
=70 [ J=T%° Lr1()a1() (Rn)
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qx

’2a]ij| " ik _
<C E = " JAGT 9(i—=Fk)(nd11—a) <C,
B - ( B Z o
J=—00 Lpl(')th(')(]RH) k=j+2

2
here ¢, = min ;2
keN (@1)+

If (¢1)+ > 1, applying Holder’s inequality, it follows that
2(")

~

k=2
o (2 Z Spal
2 5

k=—0oc0

p1()

La2()
(q%)k
% k-2 i o) (a1)+

J .
<C Z oi—Fk)(ndi1—a) ) (gt (]2 ﬁij|)
k=—00 | j=—o00 ! LP1 (a1 () (R

(q§)+
7
oy a2’ ] (a)+)

g

—00

oo

« q1(+) o0
Z <|2 ]fXJl) Z (k) (ndy1 —a) UL+ <
j=—00 LP1(')Q1(')(]R7L) k=j+2
i (dBk
here ¢, = Iglelél s

Then, from the above calculations it follows that
/B].l S Cﬁl S CHf”Kgl"(;l;)(Rn)

Finally, we estimate (5. If x € Cy, (y,t) € ['(x),z € C;N{z: ly — 2| <t} j > k+ 2,
then

l\DI»—t

1 1 1
(I =yl + 1y = z)) = Slo = 2| 2 5 (2] = [2l) = 7]2].
Thus, we have

5 3
B dydt
o= (f f, | oo amion] 25
<[ oy — 2)f;(2)d>
el Sle—y|<t Cs Mzly—z|<t}

<c ( L !fj(Z)!dZ> ( A ti’;)é

<cr [ |

= C277" fill 2 remy-

2 3
dydt
tn—i—l
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Thus, from Lemmas 2.4 - 2.6 and % < 1, we deduce that
1 Lp1()a1 ()
k [e’e] (12(')
o0 28] 32 Sy (fi)xxl
Z k+2
p1()
raz()
X 00 (qg)k
oo 2 a| ;23’7(fj)><k|
< j=k+
B kz_oo e
r1()
0 o] f (qs)k
C < Z [2]‘3(1 Z 27" = HXBj”Lp’l(-)||XBk|’LP1(-)]
k=—o0 j=k+2 HlLpit) (rn)
00 B 0o (@3
ka i || S X8, [ 10 :
<C e Y 2 o IB
k=—oo | j=k+2 51 LP1()(R7) ||XBJ- ||Lp1(')
- 1 (a3)k
o0 > jou a1 () || @+
< C Z 2(k—j)(a+n512) (2] fXJ)
k=—oco | j=k+2 b Lr1(a ()
where
( o q2(+)
2k ’7§+2S’Y(fj)xk‘
(QQ)* = 51 S 17
3 “EI))
(@)k = . () L
2k -:%2 S~y (£5)xk]
(q2)+ 3 > 1.
Pr1(°)
\ La2()

Notice that (¢2)- > (q1)+ and a > —ndy9, proceeding as in the estimate of (11, we get
that

/313 S Cﬁl S CHf”Kgl"(;l;)(Rn)
This completes the proof of Theorem 3.3. O
4. BMO ESTIMATE FOR THE COMMUTATOR OF INTRINSIC SQUARE FUNCTIONS

Let b € BMO(R"). Wang in [5] obtained some boundedness results for the commuta-
tor [b, S,] in the framework of weighted Morrey spaces.

Lemma 4.1. Let1 < p < 00,0 < f < landw € A,. Suppose that b € BMO(R"), then
there exists a constant C' > 0 independent of f such that

116, S (A [w, < Cllfll e,

We can easy apply Lemma 4.1 and Lemma 3.2 to get the boundedness of the commu-
tator [b, S,] in LP0).
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Theorem 4.2. Let b € BMO(R™). Suppose that p(-) € B(R"™), ¢:(), ¢2(-) € P(R™) with
(g2)— > (q1)+ and 0 < v < 1. If —nd12 < « < ndyy, where 11, 012 are the constants in

Lemma 2.5, then the operator [b, S, ] is bounded from K;"ql(') (R™) <Ka () (R") to K%t

1() ) p1(-)
(s ).

Proof. Letb € BMO(R"), f € Ka"(l.l)(')(R”). Let us decompose f as follows:

Zf 2)x;(® ng

j——OO ]——OO

By the definition of the norm in K% a( )(R"), we have

(")
)
R [b, S )xel \ ™
a, < .
||[b78 ]( )H q2()(Rn) inf {T’ >0: Z < B pr() — 1
k=—00 La2()
Since
ol 2 psl | 2
26 b, 5,)(7) (F el | 20 < j2ee T
8 p1() = B21+B22+P23
La20) p1()
La2()
k—2 q2(+) k41 a2()
2k 37 [0Sy ](f5) x| 2ke| Zk: 1[b75~/}(fj)Xk|
J=—00 j=k—
<C B21 +C B22
p1(4) p1(1)
La2() La2()
2ka| %Q[bﬁw](fj)ml
=
+C B23 ’
r1()
La2()

where

o0

B = {2]“1‘ kif [0, Sw](fj)Xk’} g

J==0e k=—o00 ZQ2(‘)(LP1('))

@f:{ﬁﬂﬁfmammm@ ,

Jj=k—1

k=—collja2()(Lr1())
00

Pz = H{Qka, i [0, Sw](fj)XH}

j=k+2

k=—collja2() (Lr1())

If B = Ba1 + Paz2 + Pa3 thus

oo

< C.
p1() T

Laz2(

Gmmiymmgw>

k=—o00

Then
1165 ST )Xk sz gy < CBr < ClBa1 + Paz + Bas]-
P1()

Hence, once we prove that

o1 < P gy B < OIS gy B < IOl n
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we are done. Let us set ) = Hf”k‘*"gl)“(Rn)'
p1(

For (359, by the boundedness of [b, S,] on L

), and using an argument similar to that
in the estimate for 3, it follows that

k+1 a2(")
o 2k ] Zk: 1[67 Sy (i) xl
J=Kk— < C’
k::zoo BBl B
p1(")
Laz()

which implies that
Bz < CHIbl < CIBINA N geon gy

Now let us deal with the estimate for 5. Let x € Cy, 7 < k — 2. By the estimate of
S,(f;)(x) in the proof of Theorem 3.3, we have

Sy (fi) (@) < C27%| fill 1wy

From this inequality, we obtain that

(b S () () = |5, [(b(z) —

Thus, using Lemma 2.6, we have

b)fil(2)] < C27|(b(-) — ) fyllc ).

k—2 q2(-)
- 25 37 [0S, (f5)x]
j=—00
kz_:oo Baloll.
p1()
Laz()
k—2 (a3)k
o ||251 22 12[TIO) = 0) fll e ey Xk
<C o
B k;,o Buloll-
Lr1()
SC 2k( ‘ Xk )
= (e X [, e

+C >

( k—
k=—o00

where

(qg)k =

\fa

L) HbH

k—2
2k 37 [0Sy ](f5) x|

j=—o0

B b«

k—2
2003 [,y )(F )l
j=—o00
Bi ol

a2(")

q2(")

S
=
I~

(@3)k
(b— ‘)Xk||m<->) ,
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Applying the generalized Holder’s inequality (Lemma 2.3) and Lemmas 2.4, 2.5, 2.7, we

get that

k—2 q2(+)

| (21 S sl
2 AT

k=—0o0
P1()
a2()
k (a3
. (b —bj)xs,|
S C 2k(a n) |f]| ‘ J j ||XB || .
kz—oo A LP10C)(Rn) HbH* Lpll(‘)(Rn) wlLER
0o |f (g3)
Oy |2 5” I8 o (k = ) Il oo
k=—o00 j=—00 1 Lpl() (R™)
00 (qg)k
<c ok(a—n) Z ' 1l X85 o0 1B,
k=—o00 j=—00 LP10)(Rn) ||XBk HLpl()
2
i ki (k=)(a-nsu) || (1 X3l wr |\
<cC (k= gyt | )
k=—o00 j=—00 51 LP1(~)(Rn)

Furthermore, using an argument similar to that in the estimate for f;; , we have

k—2 a2(")

o | 251 32 10 S (f5)xxd

k=—00
p1()
La20)
qx
2|12 fr [\ N ‘
<ol v () S - jpein| <o
j=—o00 A Lr1Oa () (Rn) k=5+2
(qz)k

here min
T = TeN

This implies that

Bor < CBib]l < O”bH*Hf”;'(a»ql(')v(ngn)'
P1()

Finally, we estimate [53. Let v € C%, j > k + 2. By the estimation of S, (f;)(x) in the

proof of Theorem 3.3, we have

Sy (fi)(@) < C277 fill gy

From the above inequality, we obtain that

(b, S,)(f3) (@) = [S,[(b(x) = b) fi] ()] < C277"(b() = b) fill L2 en)-
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Thus, when o > —ndjo, proceeding as in the estimate of 81, we get that
q2(+)

o |lf251 i’i JCESAN

k=—o00
p1(1)
raz()
o |27 ,%:22_”“(5(') = 0) fill L1 ey Xk
<C s
2 A
Lr1()
k 00 (qg)k
. o i || 1(0 = bi) f5]
<C Z 2" Z 2™ W Xkl Lo
k=—00 j=k+2 HIZH Lt rm)
00 (qg)k
+C Z 2kza Z 9—in |f]‘ 1 ”(b—b
k)X o)
et Parets Br Ml pagany 101
(a3)k
X Byl Lp10 |fj|
< C 2ka 2~ jn . |B ||| k
Z ( ];_2 HXB ||LP1(> o LP1() (R7)
e (43)k
SRS PRI
<0 3 (3 gmprensn ] (1L =
k=—c0 \j=k+2 B LP10) (Rn)
where
( S )
20| 55 S0 ”
i
(2)-, AR <1
(qg)k = < ¢) LZ;E:;
) q2(-
20| § S0
i
(q2)+7 B1b]l > 1.
s
\ La2(
The above calculations imply that
Bag < CPulb]]« < CHbH*HfHKOH‘H(')(Rn)'
p1(+)
This completes the proof of Theorem 4.2. O
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