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On Beurling Spaces Provided With a Weight Dependent Convolution
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ABSTRACT. In this paper, we prove the stability of Beurling spaces under the action of a
generalized translation operator. Also, some interesting properties of Beurling spaces en-
dowed with a weight dependent convolution are studied. We obtain, among other results,
a sufficient condition on the weight so that some Beurling spaces can inherit a Banach
algebra structure.

1. INTRODUCTION AND PRELIMINARIES

Convolution product is a useful tool in many areas of Mathematics and applied sci-
ences. It appears for instance in Statistics, Signal processing, Harmonic analysis, etc.
For complex integrable functions f and g defined on a locally compact group G endowed
with a left Haar measure, the convolution product is defined by

(f * o)a /f (1)

Let us consider the Beurling spaces (see [1,2,7])

L’(G) = {f G—C: / |f(z)Pw(x)de < oo} .1 < p < +oo, (1.2)
G

where w is a Beurling weight, that is, w is a nonnegative continuous functions defined on
G such that w(zy) < w(x)w(y) and w(e) = 1, here e is the neutral element of the group
G.

The space L? (G) is provided with the norm

1l = ( /| |f(x)|pw(x)dx);- 1.9

In [6], a generalization of the convolution product was introduced by Mahmoodi by

the formula 1
f o g(a /f (y)w(y x)dy. (1.4)

w(x)
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One recovers the classical convolution when w = 1. Throughout this paper, we set
LZ(G) = (Lf;(G)a || ’ ||p,w7*w)7 p =1

In [4], Issa and Mensah characterized multipliers of £} (G) by the means of a generalized
translation operator I'¥ the properties of which will be study in Section 2.

The aim of this paper is to pursue the work started in [4] by searching properties (cat-
egorical or not) of the spaces £L? (G).

The rest of the paper is organized as follows. Section 2 contains results about a gener-
alized translation operators I'* and Section 3 is devoted to the properties of the weighted
convolution product in the Beurling spaces £? (G).

2. PROPERTIES OF THE I'] OPERATORS

We start this section with a density result which is interested on its own.
Theorem 2.1. The space L. (G) is a dense subspace of (L'(G), || - ||1) -

Proof. We denote by C.(G) the space of continuous compactly supported complex func-
tions on G. This space is known to be dense in L'(G). Let f € £L.(G). Then one has

/G\f(x)\w(x)dx < 0.

The hypothesis 1 < wimplies / |f(x)|dx < /|f(x)|w(:p)dx Thus £L(G) € L'(G). Also,
a

¢
if f € C.(Q) then fw € C.(G). Therefore f € L!(G) by the inclusion C.(G) C L'(G).
Hence C.(G) C LL(G). We have

C.(G) c LL(G) c LNG).

Finally, taking the closures with respect to the topology of L(G), we obtain C.(G) C

LL(G) c L'(G). This implies £L(G) = L*(G) since C.(G) is dense in L'(G). Hence The
space L (G) is a dense subspace of (L'(G), || - ||1) - O
We consider the mulitplication operateur M,, defined by

(M. f)(z) = w(@) f(2), f € L,(G) (2.)

and the translation operator 75, s € G by

(rsf)(@) = f(s7"2), f € L,(G). (2.2)
Now, set
SMUJ
(o) = "1, pe i) 23

The operator I'¥) = 7, reduced to the translation operator 7, if w = 1. We may need the
following result.

Theorem 2.2. ([4, Proposition 3.1)) If f € LL(G), then |T% fll1w = | fll1.0-
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Theorem 2.3. Let f € L2(G) and s € G. Then
W] 7 (1l < ITEf e < [0™] 7 1 Fllpe- (2.4)

Proof. Let f € LP(G). For all s € G, one has

T fle, = / T f () o) i

= [ () v
- I (j&)iw(w)dm

= [irer (52) _ai(sx)dx

= [irer (Z2) s

However w(r) = w(s™tsz) < w(s™Hw(sz). Therefore

refl < / @l [wls )" (o)t
/ (@) Pl sHIAIE..
Thus |1 flpe < (D)7 [|£lpe-

On the other hand,

Iefl = [ Teseateds

- /!fs:c

However w(s)w(s™tx) > w(x). Therefore

T A, > / )P [w(s)) P w(s~Lx)de

> w(s )]1 pllfll&u

Thus

T flpw = (] 7 [ fllpe
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Finally
W7 N lper < MTEFllpo < [w0(57] 7 1l
U

As a consequence of the above theorem, we deduce respectively the stability of £P (G)
under the action of the operator I'? and the uniform continuity of I'?.

Corollary 2.4. f € £LP(G) if and only of T2 f € LP(G).
Proof. From Theorem 2.3, we deduce that || f||,. < oo if and only if ||’} f|,, < c0. O

Corollary 2.5. Fix s € G. The map f —— I'® f is uniformly continuous from L (G) into
LP(G).

Proof. Let f,g € LP(G). From Theorem 2.3, we have

1o = Togllpew = TS = 9llpw < ClIf = gllpe-
where C' = [w(s‘l)]pp . Thus the map f — I'¥ f is uniformly continuous. O

3. THE WEIGHT DEPENDENT CONVOLUTION

Let us recall that the weight dependent convolution is defined by

ety e)
Frge) = [ 1) Sy, 31

under the assumption that the latter integral exists. In the following theorem, we provide
a sufficient condition under which the space £?(G) is a Banach algebra.

Theorem 3.1. Let p > 1. The space LP (G) is a Banach algebra if w * w < w.

Proof. The space Beurling space (L?(G), ||-||w) is known to be a Banach space. So it
suffices to show that

1S *0 9llpw < fllpellgllpw, V559 € LE(G)
under the hypothesis w xw < w. Let f, g € LP(G).

Frose) = [ 1wt o222, )
- [ [ () <y>]”ﬁ[w<ylx>w<y>]p”dy.

Now we use the Holder’s inequality to get

o g(@)] < ( / rf<y>\pw<y>rg<y1x>|pw<y1x>dy)

( /| |f(y)|pw(y>|g(y‘1x)|pw(y‘1x)dy) l -

(f !f(y)\wwig<y-1x>\pw<y-1x>dy)’1’ )]’
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where we have set W = w * w. It follows that

L1 a@p ey w ot < ([1rra) ( [loorsoe)

< IR llgl -

Moreover,

wiw<w<=W<w=— WP > ?—= WP >w.
Hence

/G |(f #0 9)(@)[Pw(z)de < /G |(f *0 9)(@)I7 (w(z))” WP (z)da.
Thus

1f *0 9llpe < 1 llpollgllpe-

Remark 3.2. The fact that £} (G) is a Banach algebra was proved in [6].

In what follows, we set w(y) = w(y™'), y € G.

Theorem 3.3. Letp > 1. If f € LP(G), g € LL(G) and gw € LL(G) then f =, g € LE(G)
and

. 1—1 1
1f #0 gllpe < llg@ll " (91Tl fllpe- (3.2)

1 1
Proof. Let p > 1 and let ¢ be such that — + — = 1.
p q

Feo@l < [lol Dl Wdy

- / T¥g v)ldy

= /IFE{,g(ﬂf)W(y)lpIf(y)l\Fiﬂg(:r)W(y)\;dy

< ([t \pdy);
([Irzamismpra)
- ([irza@iirmira)
( )

/ T g(2)w(y) |1 ()P dy

[TEg(x)w(y

>w<y>|dy)3

(y~"z)w(
w(z)
(

)
y
y)w(y) (

1
)

(!
([
j(fa’gwcr) e
([latwtnetr

[ sty 1>1dy)q
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= ([ rtseisora) (st ewin)
= ([irza@iirmpa) el

= ((lg] *0 [/ (@)7 g2II2..

Therefore
/G (f %0 9)(@)Pwle)de < /G (gl %0 I£17) @)lg3 ] o(a)de
= Jgslf, /G (gl %0 |FP) (@)eo(a)da
< Mgl llglallFP e
= Nl gl FIE
Hence

. 11 1
1S 0 gllpe < lg0ll1 " NGNT w1 [pew-
]

Remark 3.4. If w = 1 then @ = 1 and we recover from the inequality (3.2) the well-known
classical inequality

1+ gllp < gl f 1l (3.3)
for f € LP(G) and g € L'(G).

We recall the following fact which we may use in the next theorem.

Theorem 3.5. ([3, Corollary 12.5]) Let fi, fo, ..., fn be nonnegative functions in L*(G) and let
aq,Qa, ..., i, be positive numbers such that a; + ag + -+ + «, = 1. Then f{* f32--- fon €

LY(G) and
/G Fo e pondy < Ll [l ful.

1 1
Theorem 3.6. Let p and g be real numbers such that1 < p < oo, 1 < ¢ < oo, — 4+ — > 1,
p

q
1 1 1
L, sothat — + — — — = 1. Let f € LL,(G) and g € LL,(G). Then
P+q—-pq p q T
f*,9€ L (G)and

and let r =

1S *e gllr < [ fllpwr 19]lg.00-

Proof.
(Froa@l < [ 1) =y
< /G\f ya)g(y)w(y™ z)w(y)|dy
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— =1 and
q

Since 1 —

S =
Q=

1= 1%1, by applying Theorem 3.5, one has

hS]

p—1

i ( < I o oge oo >|dy] ([lrrtar) "

(L1 oo x>|dy) N

It follows that

pr(g—1) qr(p—1)
1(f*o9) (@) < ([fllpwr)  (lgllgws) /G|fp(y‘lx)gq(y)wp(y‘lx)wq(y)Idy-
Therefore
/G (f 0 9) ()" de
) T’T(‘é—l) \ qr(z—l) ol —1 q » 1 dud
< (o) =5 (lgllasos) /G /G (147 (5™ 2)g" (0)eo? (u~" ) ()] dydz
< U lpon) =5 (lgllgon) 5 [/ (/ If(y-lxnpwp(y-lx)dw) |g<y>|qu<y>dy}
G G
= )5 ol 5 S lr? | [ 1|
G
= (o) 5 gl gon) =5 (anpwp) (lgllguwn)?
< Ul (lgllgon) ™5 = 11 wn 9T
Thus

1f 0 gllr < 1Nl lgllgwo-

O
1 1
Theorem 3.7. Let p and q be real numbers suchthat1 < p < oo, 1 < g < oo, — + - > 1,
p q
Pq 1 1 1 » q
and let r = —————,sothat — + - — - = 1. Let f € L ,.,(G) and g € L7 ,,.(G). Then

pP+q—pq p q T
f*, g€ LL(G)and

Hf *w gHT,w < Hpr7wp+1Hqu,wq+l'

Proof. In the proof of Theorem 3.6 we established that

o @I < (W llpear) T (gllgun) 7 / Py ) g (y)e? (y ) ()| dy.

Set A= /|(f %, 9)(2)|"w(x)dx. We have
G

gr(p—1)

pr(g—1)
A < ([ fllpwr) 9

L L1 g e et )] (o) da
< (Hpr’wp)”(Z*” (Hqu,wq)qr(’ZfD UG (/G!f(y‘lm)!pwp(y‘lx)w(:c)dx> \g(y)qwq(y)dy}
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pr(g—1) gr(p—1)
q

ol | [ ([ @0 @ntimiie) latn iy
< U™ a5 | [ ([P @i )l ]

= (Ifllpwr)

= )™ el ™5 (U flparns)” | [ o0 1]
= 1) =T (Ugllgn) =7 (I llpasrer)” (9l guseer)?
< U e )" 5T (I llgsee) ™5 = 1A i T i
because || fllpwr < || lpwrt for f € £2,:(G) and [lgllgun < Igllgurss for g € £2,1(G).
Thus |1 %o gllre < |1 llprsillgllgwrr. 0
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