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Abstract. In this paper, we prove the stability of Beurling spaces under the action of a
generalized translation operator. Also, some interesting properties of Beurling spaces en-
dowed with a weight dependent convolution are studied. We obtain, among other results,
a sufficient condition on the weight so that some Beurling spaces can inherit a Banach
algebra structure.

1. Introduction and preliminaries

Convolution product is a useful tool in many areas of Mathematics and applied sci-
ences. It appears for instance in Statistics, Signal processing, Harmonic analysis, etc.
For complex integrable functions f and g defined on a locally compact groupG endowed
with a left Haar measure, the convolution product is defined by

(f ∗ g)(x) =

∫
G

f(y)g(y−1x)dy. (1.1)

Let us consider the Beurling spaces (see [1, 2, 7])

Lpω(G) =

{
f : G→ C :

∫
G

|f(x)|pω(x)dx <∞
}
, 1 6 p < +∞, (1.2)

where ω is a Beurling weight, that is, ω is a nonnegative continuous functions defined on
G such that ω(xy) ≤ ω(x)ω(y) and ω(e) = 1, here e is the neutral element of the group
G.

The space Lpω(G) is provided with the norm

‖f‖p,ω =

(∫
G

|f(x)|pω(x)dx

) 1
p

. (1.3)

In [6], a generalization of the convolution product was introduced by Mahmoodi by
the formula

f ∗ω g(x) =

∫
G

f(y)g(y−1x)
ω(y)ω(y−1x)

ω(x)
dy. (1.4)
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One recovers the classical convolution when ω ≡ 1. Throughout this paper, we set

Lpω(G) = (Lpω(G), ‖ · ‖p,ω, ∗ω), p ≥ 1.

In [4], Issa and Mensah characterized multipliers of L1
ω(G) by the means of a generalized

translation operator Γsω the properties of which will be study in Section 2.
The aim of this paper is to pursue the work started in [4] by searching properties (cat-

egorical or not) of the spaces Lpω(G).
The rest of the paper is organized as follows. Section 2 contains results about a gener-

alized translation operators Γsω and Section 3 is devoted to the properties of the weighted
convolution product in the Beurling spaces Lpω(G).

2. Properties of the Γsω operators

We start this section with a density result which is interested on its own.

Theorem 2.1. The space L1
ω(G) is a dense subspace of (L1(G), ‖ · ‖1) .

Proof. We denote by Cc(G) the space of continuous compactly supported complex func-
tions on G. This space is known to be dense in L1(G). Let f ∈ L1

ω(G). Then one has∫
G

|f(x)|ω(x)dx <∞.

The hypothesis 1 6 ω implies
∫
G

|f(x)|dx 6
∫
G

|f(x)|ω(x)dx. ThusL1
ω(G) ⊂ L1(G). Also,

if f ∈ Cc(G) then fω ∈ Cc(G). Therefore f ∈ L1
ω(G) by the inclusion Cc(G) ⊂ L1(G).

Hence Cc(G) ⊂ L1
ω(G). We have

Cc(G) ⊂ L1
ω(G) ⊂ L1(G).

Finally, taking the closures with respect to the topology of L1(G), we obtain Cc(G) ⊂
L1
ω(G) ⊂ L1(G). This implies L1

ω(G) = L1(G) since Cc(G) is dense in L1(G). Hence The
space L1

ω(G) is a dense subspace of (L1(G), ‖ · ‖1) . �

We consider the mulitplication operateur Mω defined by

(Mωf)(x) = ω(x)f(x), f ∈ L1
ω(G) (2.1)

and the translation operator τs, s ∈ G by

(τsf)(x) = f(s−1x), f ∈ L1
ω(G). (2.2)

Now, set

Γsωf(x) =
τsMωf(x)

ω(x)
, f ∈ L1

ω(G). (2.3)

The operator Γsω = τs reduced to the translation operator τs if ω ≡ 1. We may need the
following result.

Theorem 2.2. ( [4, Proposition 3.1]) If f ∈ L1
ω(G), then ‖Γsωf‖1,ω = ‖f‖1,ω.
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Theorem 2.3. Let f ∈ Lpω(G) and s ∈ G. Then

[ω(s)]
1−p
p ‖f‖p,ω 6 ‖Γsωf‖p,ω 6

[
ω(s−1)

] p−1
p ‖f‖p,ω. (2.4)

Proof. Let f ∈ Lpω(G). For all s ∈ G, one has

‖Γsωf‖pp,ω =

∫
G

|Γsωf(x)|pω(x)dx

=

∫
G

|f(s−1x)|p
(
ω(s−1x)

ω(x)

)p
ω(x)dx

=

∫
G

|f(x)|p
(
ω(x)

ω(sx)

)p
ω(x)dx

=

∫
G

|f(x)|p
(
ω(x)

ω(sx)

)p
ω(sx)dx

=

∫
G

|f(x)|p
(
ω(x)

ω(sx)

)p−1

ω(x)dx.

However ω(x) = ω(s−1sx) 6 ω(s−1)ω(sx). Therefore
ω(x)

ω(sx)
6 ω(s−1). Then

‖Γsωf‖pp,ω 6
∫
G

|f(x)|p
[
ω(s−1)

]p−1
ω(x)dx

6
[
ω(s−1)

]p−1
∫
G

|f(x)|pω(x)dx =
[
ω(s−1)

]p−1 ‖f‖pp,ω.

Thus ‖Γsωf‖p,ω 6 [ω(s−1)]
p−1
p ‖f‖p,ω.

On the other hand,

‖Γsωf‖pp,ω =

∫
G

|Γsωf(x)|pω(x)dx

=

∫
G

|f(s−1x)|p
(
ω(s−1x)

ω(x)

)p
ω(x)dx

=

∫
G

|f(s−1x)|p
(
ω(s−1x)

ω(x)

)p−1

ω(s−1x)dx

However ω(s)ω(s−1x) > ω(x). Therefore
ω(s−1x)

ω(x)
> [ω(s)]−1 . Then

‖Γsωf‖pp,ω >
∫
G

|f(s−1x)|p [ω(s)]1−p ω(s−1x)dx

> [ω(s)]1−p
∫
G

|f(s−1x)|pω(s−1x)dx

> [ω(s)]1−p ‖f‖pp,ω.

Thus

‖Γsωf‖p,ω > [ω(s)]
1−p
p ‖f‖p,ω.
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Finally

[ω(s)]
1−p
p ‖f‖p,ω 6 ‖Γsωf‖p,ω 6

[
ω(s−1)

] p−1
p ‖f‖p,ω.

�

As a consequence of the above theorem, we deduce respectively the stability of Lpω(G)

under the action of the operator Γsω and the uniform continuity of Γsω.

Corollary 2.4. f ∈ Lpω(G) if and only of Γsωf ∈ Lpω(G).

Proof. From Theorem 2.3, we deduce that ‖f‖p,ω <∞ if and only if ‖Γsωf‖p,ω <∞. �

Corollary 2.5. Fix s ∈ G. The map f 7−→ Γsωf is uniformly continuous from Lpω(G) into
Lpω(G).

Proof. Let f, g ∈ Lpω(G). From Theorem 2.3, we have

‖Γsωf − Γsωg‖p,ω = ‖Γsω(f − g)‖p,ω 6 C‖f − g‖p,ω.

where C = [ω(s−1)]
p−1
p . Thus the map f 7−→ Γsωf is uniformly continuous. �

3. The weight dependent convolution

Let us recall that the weight dependent convolution is defined by

f ∗ω g(x) =

∫
G

f(y)g(y−1x)
ω(y)ω(y−1x)

ω(x)
dy, (3.1)

under the assumption that the latter integral exists. In the following theorem, we provide
a sufficient condition under which the space Lpω(G) is a Banach algebra.

Theorem 3.1. Let p > 1. The space Lpω(G) is a Banach algebra if ω ∗ ω 6 ω.

Proof. The space Beurling space (Lpω(G), ‖·‖p,ω) is known to be a Banach space. So it
suffices to show that

‖f ∗ω g‖p,ω 6 ‖f‖p,ω‖g‖p,ω, ∀f, g ∈ Lpω(G)

under the hypothesis ω ∗ ω 6 ω. Let f, g ∈ Lpω(G).

f ∗ω g(x) =

∫
G

f(y)g(y−1x)
ω(y)ω(y−1x)

ω(x)
dy

=

∫
G

f(y)g(y−1x)

[
ω(y−1x)ω(y)

] 1
p 1

ω(x)

[
ω(y−1x)ω(y)

] p−1
p

dy.

Now we use the Hölder’s inequality to get

|f ∗ω g(x)| 6
(∫

G

|f(y)|pω(y)|g(y−1x)|pω(y−1x)dy

) 1
p

(∫
G

1

(ω(x))
p

p−1

(ω(y−1x)ω(y))dy

) p−1
p

6

(∫
G

|f(y)|pω(y)|g(y−1x)|pω(y−1x)dy

) 1
p 1

ω(x)

(∫
G

(
ω(y−1x)ω(y)

)
dy

) p−1
p

6

(∫
G

|f(y)|pω(y)|g(y−1x)|pω(y−1x)dy

) 1
p 1

ω(x)

[
W (x)

] p−1
p
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where we have set W = ω ∗ ω. It follows that∫
G

|(f ∗ω g)(x)|p (ω(x))pW 1−p(x)dx 6

(∫
G

|f(y)|pω(y)dy

)(∫
G

|g(y−1x)|pω(y−1x)dx

)
6 ‖f‖pp,ω‖g‖pp,ω.

Moreover,

ω ∗ ω 6 ω ⇐⇒ W 6 ω =⇒ W 1−p > w1−p =⇒ ωpW 1−p > ω.

Hence ∫
G

|(f ∗ω g)(x)|pω(x)dx 6
∫
G

|(f ∗ω g)(x)|p (ω(x))pW 1−p(x)dx.

Thus

‖f ∗ω g‖p,ω 6 ‖f‖p,ω‖g‖p,ω.

�

Remark 3.2. The fact that L1
ω(G) is a Banach algebra was proved in [6].

In what follows, we set ω̌(y) = ω(y−1), y ∈ G.

Theorem 3.3. Let p > 1. If f ∈ Lpω(G), g ∈ L1
ω(G) and gω̌ ∈ L1

ω(G) then f ∗ω g ∈ Lpω(G)

and

‖f ∗ω g‖p,ω ≤ ‖gω̌‖
1− 1

p

1,ω ‖g‖
1
p

1,ω‖f‖p,ω. (3.2)

Proof. Let p > 1 and let q be such that
1

p
+

1

q
= 1.

|(f ∗ω g)(x)| 6
∫
G

|g(y−1x)||f(y)|ω(y)ω(y−1x)

ω(x)
dy

=

∫
G

|Γyωg(x)|ω(y)|f(y)|dy

=

∫
G

|Γyωg(x)ω(y)|
1
p |f(y)||Γyωg(x)ω(y)|

1
q dy

6

(∫
G

|Γyωg(x)ω(y)||f(y)|pdy
) 1

p
(∫

G

|Γyωg(x)ω(y)dy|
) 1

q

=

(∫
G

|Γyωg(x)ω(y)||f(y)|pdy
) 1

p
(∫

G

|g(y−1x)ω(y−1x)

ω(x)
ω(y)|dy

) 1
q

=

(∫
G

|Γyωg(x)ω(y)||f(y)|pdy
) 1

p
(∫

G

|g(y)ω(y)

ω(x)
ω(xy−1)|dy

) 1
q

6

(∫
G

|Γyωg(x)ω(y)||f(y)|pdy
) 1

p
(∫

G

|g(y)ω(y)ω(y−1)|dy
) 1

q
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=

(∫
G

|Γyωg(x)ω(y)||f(y)|pdy
) 1

p
(∫

G

|g(y)ω(y−1)ω(y)|dy
) 1

q

=

(∫
G

|Γyωg(x)ω(y)||f(y)|pdy
) 1

p

‖gω̌‖
1
q

1,ω

= ((|g| ∗ω |f |p)(x))
1
p ‖gω̌‖

1
q

1,ω.

Therefore ∫
G

|(f ∗ω g)(x)|pω(x)dx 6
∫
G

(|g| ∗ω |f |p) (x)‖gω̌‖
p
q

1,ωω(x)dx

= ‖gω̌‖
p
q

1,ω

∫
G

(|g| ∗ω |f |p) (x)ω(x)dx

6 ‖gω̌‖
p
q

1,ω‖g‖1,ω‖|f |p‖1,ω

= ‖gω̌‖
p
q

1,ω‖g‖1,ω‖f‖pp,ω.

Hence
‖f ∗ω g‖p,ω ≤ ‖gω̌‖

1− 1
p

1,ω ‖g‖
1
p

1,ω‖f‖p,ω.
�

Remark 3.4. If ω ≡ 1 then ω̌ ≡ 1 and we recover from the inequality (3.2) the well-known
classical inequality

‖f ∗ g‖p ≤ ‖g‖1‖f‖p (3.3)

for f ∈ Lp(G) and g ∈ L1(G).

We recall the following fact which we may use in the next theorem.

Theorem 3.5. ( [3, Corollary 12.5]) Let f1, f2, ..., fn be nonnegative functions in L1(G) and let
α1, α2, ..., αn be positive numbers such that α1 + α2 + · · · + αn = 1. Then fα1

1 fα2
2 · · · fαn

n ∈
L1(G) and ∫

G

fα1
1 fα2

2 · · · fαn
n dt 6‖f1‖α1

1 ‖f2‖α2
1 · · ·‖fn‖αn

1 .

Theorem 3.6. Let p and q be real numbers such that 1 < p < ∞, 1 < q < ∞, 1

p
+

1

q
> 1,

and let r =
pq

p+ q − pq
, so that

1

p
+

1

q
− 1

r
= 1. Let f ∈ Lpωp(G) and g ∈ Lqωq(G). Then

f ∗ω g ∈ Lr(G) and
‖f ∗ω g‖r 6 ‖f‖p,ωp‖g‖q,ωq .

Proof.

|(f ∗ω g)(x)| 6
∫
G

|f(y−1x)g(y)
ω(y−1x)ω(y)

ω(x)
|dy

6
∫
G

|f(y−1x)g(y)ω(y−1x)ω(y)|dy

=

∫
G

[
|fp(y−1x)gq(y)ωp(y−1x)ωq(y)|

] 1
r |g(y)ω(y)|1−

q
r |f(y−1x)ω(y−1x)|1−

p
r dy

=

∫
G

[
|fp(y−1x)gq(y)ωp(y−1x)ωq(y)|

] 1
r |gq(y)ωq(y)|

1
q−

1
r |fp(y−1x)ωp(y−1x)|

1
p−

1
r dy.
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Since 1
p
− 1

r
= q−1

q
and 1

q
− 1

r
= p−1

p
, by applying Theorem 3.5, one has

∫
G

|f(y−1x)g(y)
ω(y−1x)ω(y)

ω(x)
|dy 6

[
|
∫
G

fp(y−1x)gq(y)ωp(y−1x)ωq(y)|dy
] 1

r
(∫

G

|gq(y)ωq(y)|dy
) p−1

p

(∫
G

|fp(y−1x)ωp(y−1x)|dy
) q−1

q

.

It follows that

|(f ∗ω g)(x)|r 6 (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq)
qr(p−1)

p

∫
G

|fp(y−1x)gq(y)ωp(y−1x)ωq(y)|dy.

Therefore ∫
G

|(f ∗ω g)(x)|rdx

6 (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq )
qr(p−1)

p

∫
G

∫
G

[
|fp(y−1x)gq(y)ωp(y−1x)ωq(y)|

]
dydx

6 (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq )
qr(p−1)

p

[∫
G

(∫
G

|f(y−1x)|pωp(y−1x)dx

)
|g(y)|qωq(y)dy

]
= (‖f‖p,ωp)

pr(q−1)
q (‖g‖q,ωq )

qr(p−1)
p (‖f‖p,ωp)

p

[∫
G

gq(y)ωq(y)|dx
]

= (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq )
qr(p−1)

p (‖f‖p,ωp)
p
(‖g‖q,ωq )

q

6 (‖f‖p,ωp)
p+

pr(q−1)
q (‖g‖q,ωq )

q+
qr(p−1)

p = ‖f‖rp,ωp‖g‖rq,ωq .

Thus

‖f ∗ω g‖r 6 ‖f‖p,ωp‖g‖q,ωq .

�

Theorem 3.7. Let p and q be real numbers such that 1 < p < ∞, 1 < q < ∞, 1

p
+

1

q
> 1,

and let r =
pq

p+ q − pq
, so that

1

p
+

1

q
− 1

r
= 1. Let f ∈ Lpωp+1(G) and g ∈ Lqωq+1(G). Then

f ∗ω g ∈ Lrω(G) and

‖f ∗ω g‖r,ω 6 ‖f‖p,ωp+1‖g‖q,ωq+1 .

Proof. In the proof of Theorem 3.6 we established that

|(f ∗ω g)(x)|r 6 (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq)
qr(p−1)

p

∫
G

|fp(y−1x)gq(y)ωp(y−1x)ωq(y)|dy.

Set A =

∫
G

|(f ∗ω g)(x)|rω(x)dx. We have

A 6 (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq)
qr(p−1)

p

∫
G

∫
G

[
|fp(y−1x)gq(y)ωp(y−1x)ωq(y)|

]
dyω(x)dx

6 (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq)
qr(p−1)

p

[∫
G

(∫
G
|f(y−1x)|pωp(y−1x)ω(x)dx

)
|g(y)|qωq(y)dy

]
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= (‖f‖p,ωp)
pr(q−1)

q (‖g‖q,ωq)
qr(p−1)

p

[∫
G

(∫
G
|f(x)|pωp(x)ω(yx)dx

)
|g(y)|qωq(y)dy

]
6 (‖f‖p,ωp)

pr(q−1)
q (‖g‖q,ωq)

qr(p−1)
p

[∫
G

(∫
G
|f(x)|pωp+1(x)dx

)
|g(y)|qωq+1(y)dy

]
= (‖f‖p,ωp)

pr(q−1)
q (‖g‖q,ωq)

qr(p−1)
p

(
‖f‖p,ωp+1

)p [∫
G
gq(y)ωq+1(y)|dx

]
= (‖f‖p,ωp)

pr(q−1)
q (‖g‖q,ωq)

qr(p−1)
p

(
‖f‖p,ωp+1

)p (‖g‖q,ωq+1

)q
6

(
‖f‖p,ωp+1

)p+ pr(q−1)
q

(
‖g‖q,ωq+1

)q+ qr(p−1)
p = ‖f‖rp,ωp+1‖g‖rq,ωq+1

because ‖f‖p,ωp 6 ‖f‖p,ωp+1 for f ∈ Lpωp+1(G) and ‖g‖q,ωq 6 ‖g‖q,ωq+1 for g ∈ Lqωq+1(G).

Thus ‖f ∗ω g‖r,ω 6 ‖f‖p,ωp+1‖g‖q,ωq+1 . �
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