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ABSTRACT. This paper is devoted to the study of continuous K — g—frames which are
extension of K — g—frames in Hilbert spaces. First, we give some property of continuous
K — g—frames. Finally, we study the dual continuous K — g—bessel sequence of K —

g—frames.

1. INTRODUCTION

The concept of frames in Hilbert spaces has been introduced by Duffin and Schaf-
fer [10] in 1952 to study some deep problems in nonharmonic Fourier series, after the
fundamental paper [8] by Daubechies, Grossman and Meyer, frame theory began to be
widely used, particularly in the more specialized context of wavelet frames and Gabor
frames.

The concept of generalization of frames was proposed by G. Kaiser [14] and indepen-
dently by Ali, Antoine and Gazeau [2] to a family indexed by some locally compact space
endowed with a Radon measure. These frames are known as continuous frames. Gabrado
and Han in [12] called these frames, frames associated with measurable spaces, Askari-
Hemmat, Dehghan and Radjabalipour in [5] called them generalized frames and in math-
ematical physics they are referred to as Coherent states [3].

A continuous g-frames (or simply a c-g-frames) was firstly introduced by Abdollah-
pour and Faroughi in [1], it’s an extension of g-frames and continuous frames. Recently,
continuous g-frames in Hilbert spaces have been studied intensively.

For more on frames see [13,15-19] and references therein.

We begin with a few preliminaries that will be needed. Let H, L be separable Hilbert
spaces, (£, 1) a positive measure space. we denote by /Iy the identity operator on H,
{Hy }weq a family of closed subspace of L, and L(H, H,) the set of all bounded linear
operators from H into H,. Suppose Hy is a closed subspace of H, we define Py, is the
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orthogonal projection of H into Hy. For K € L(H), the range and null space of K are
denoted by R(K) and NV (K), respectively. I?({ Hy }weq) is defined by

P({Huv}wea) = {{fulwea, fu € Hu,w € Q,/ | fwll?dp(w) < oo}

weN

With the inner product given by

<{fw}weﬂ7 {gw}w€§2> = / <fw, gw)du(w).

we

It is clear that I?({Hy }weq) is a Hilbert space.

Definition 1.1. [1] We say that A = {A,, € L(H, H,),w € Q} is a continuous g—frame
with respect to { Hy }weq for H if

(1) foreach f € H, {A,f}weq is strongly measurable.
(2) there are two constants 0 < A < B < oo such that

A2 < / A Pdu() < BIFIE, ¥f € A 11)

We call A, B lower and upper continuous g—frame bounds respectively. A is called a
tight continuous g—frame if A = B, and a Parseval continuous g—frame if A = B = 1.
A family A is called a continuous g—bessel sequence if the right hand inequality in (1.1)
hold. In this case, B is called the bessel constant.

Proposition 1.2. [1] Let {A,, }weq be a continuous g—frame with respect to { Hy, }weq for H
with frame bounds A, B. Then, there exists a unique positive and invertible operator S : H — H
such that for each f,g € H

.0 = [ (AN dutw),
we

Definition 1.3. [4] Suppose that (€2, ;1) is a measure space with positive measure y and
K € L(H). Afamily A = {A, € L(H, Hy,),w € Q} which {Hy, }weq is a family of Hilbert
spaces, is called a continuous K — g—frame for H with respect to { H,, }weq if

(1) foreach f € H, {A,f}weq is strongly measurable.
(2) there exist constants 0 < A < B < oo such that

A|KfI* < / 1w fIPdp(w) < BILFIP,  VfeH. (1.2)

we

The constants A, B are called lower and upper continuous K — g—frame bounds, re-
spectively. If A, B can be chosen such that A = B, then A is called a tight continuous
K — g—frame and ifA = B = 1, it is called Parseval continuous K — g—frame. A family
A is called a continuous g—Bessel sequence if the right hand inequality in (1.2) holds. In
this case, B is called the Bessel constant.
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Remark 1.4. Tt should be noted that the continuous g—frame operator S for continuous
K — g—frame {A, }wcq is not invertible in general, if K has closed range, then

Sy R(K) = S(R(K))
is invertible and self-adjoint.

Definition 1.5. [11] Suppose that (€2, 1) is a measure space. A family of operators {A,, €
L(H,H,),w € Q} is a continuous g—orthonormal basis for H with respect to { H,, }weq
if it satisfies the following:

(1) forall f € H, {Ay, f}uweq is strongly-measurable,

(2) for almostallv €

/ Q<Az;fwaA:gv>d,U/<w) = <fv7gv>7

(3) foreach f € H, [ _, |AwflPdu(w) = || fI>.

Definition 1.6. [6] Let H; and H, be tow Hilbert spaces with inner products (.,.)n,,
(., )i, and norms ||.||g;, |||z, respectively, and let operator 7' : H; — Hy. T is an
isometryif |7 f|| g, = || ||z, forall f € Hy. T'isa co-isometry if its adjoint is an isometry.

Lemma 1.7. [11] Let {0, }weq be a continuous g—orthonormal basis for H with respect to
{Hy}wea and {A, € L(H,H,),w € Q} be a family such that {A, f}weq is strongly mea-
surable for any f € H. Then {Ay }weq is a continuous g—bessel family for H with respect to
{Hy }weq if and only if there exists a unique operator T : H — H such that A,, = 0,T*, for
almost all w € (.

Definition 1.8. [11] Let {0, }.cq be a continuous g—orthonormal basis for H with re-
spect to { Hy }weq. The operator 7' in Lemma 1.7 is called the continuous g—preframe
operator associated with {A, }ecq-

Lemma 1.9. [11] Let {0y, }weq be a continuous g—orthonormal basis and { A, }weq be a con-
tinuous g—bessel family for H with repect to { Hy, }weq. Suppose that T and S are the continuous
g—preframe operator and continuous g—frame operator associated with {A,},cq, repectively.
Then S = TT™.

Lemma 1.10. [9/Let T, € L(H,,U) and Ty € L(Ho, U). the following conditions are equiv-
alent:

(1) R(Ty C R(T3));
(2) There exists A > 0 such that TYTy < NTxTy;
(3) There exists a bounded operator X € L(Hy, Hs) such that Ty = T2 X.

2. SOME CONSRTUCTION OF CONTINUOUS K — g—FRAMES
Definition 2.1. A sequence {ay }yeq in C is said to be positively confined if

0 < inf |a,| < sup |a,| < oo.
we weN

Now, we give a result about perturbations of K — g—frames.
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Theorem 2.2. Let {A, }weq be a continuous K — g—frame and T, € L(H, H,) forallw € Q.
If there exist constants 0 < o, 3 < 3, such that for every f € H

/w ey = L) f () < o /

we

JowhufIPdutw) + 5 | [buLud Pdute),

weS)

then {T'y, }weq is a continuous K —g—frame, where {ay fweq, {bw fwey,eq are positively confined
sequences.

Proof. Let {A, }weq be a continuous K — g—frame with bounds A and B. The parallelo-
gram Law implies that, for each f € H,

/ b f ) = / 1wl f — o f + o | dp(w)

weN

IN

sz(a | eahutPauto)+5 [ parasPdut

we

+ /w . ||awAwf\|2du<w>),

therefore,

(1—25)/ lewIQHwaszu(w) < 2(a+1)/ Jaw | Aw f 1 dp(w),

S9)

then,

2(er + 1) (supyeq [aw])?
(1 - 25)(infweﬂ ‘bw‘)z

/ T () < BIIfIP.

For the same reason, we have

[ lewhuf Pdute)

weN

- / lawAuf — buTwf + buTwf|2dji(w)
weN

< 2(a [ Newhaf Pdutu) +5 [ faTusPaute) + [

we

) IIwawa2du(w> |

we
hence,

(1=20) [ o Pp(u) <20+ 8) [ [baT Sl duto)

€Q
it follows that:

200w (1 = 2a)(inf yeq |aw|)2
/ PP d) 2 ) upyee [6u 2

Therefore, {I',, }weq is a continous K — g—frame. O

AlIK £

Corollary 2.3. Let {A,, }weq be a continuous K — g—frame and {I', }weq € L(H, H,,) for all
w € Q. Then, the following statements hold
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(1) If there exists 0 < o < 3, such that for every f € H
[l = TPt <a [ ausPdut)
weN wes

then {T'y }weq is a continuous K — g—frame.
(2) If supyeq [Aw] < @, then the sequence {A,, + A2 }eq is a continuous K — g—frame.

In the sequel, we investigate the product of continuous K — g—frame and bounded
linear operators as a continuous K — g—frame.

Theorem 2.4. Let ' € L(H) be a self-adjoint injective operator and TK = KT. Then,
{Ay }weq is a continuous K — g—frame if and only if { AT }weq is a continuous K — g—frame.

Proof. Let T be injective. Then, there exists T € L(H) with TT = Iy. Therefore

(T)*T*K* = K*. It follows that for every f € H
[ fl| = 1 T*T*K* |
< (@) T E* I
This shows that
W) M fIl < 17K £l

Assume that {A, },eq is a continuous K — g—frame. Then, there exist A > 0, such that
forall f € H,

| TS Pautw) = AT
we
— AT
— AT K
> AT 2K AP

hence, {A,T}weq is a continuous K — g—frame.

Conversely, let {A,T},ecq be a continuous K — g—frame, since T is self-adjoint
and injective, T is inversible, we have T-!K = KT~! and T 'is self-adjoint hence,
{Aptwea = {ALTT '}yeq is a continuous K — g—frame. d

IT is well known from [7], if T € L(H), then N'(T*) = R(T)*. Also, if T has closed
range, then R(T) = N (T*)*.

Theorem 2.5. Let K be surjective, T' € L(H), and { A, T }weq be a continuous K — g—frame.
Then, the following hold:

(1) T is injective.

(2) If T is self-adjoint and has closed range, then T' is invertible and {Aq } ey, oo 1S a con-
tinuous T~*K — g—frame.

(3) If T is self-adjoint and TK = KT, then {Ay }weq is a continuous K — g—frame.
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Proof. (1) Assume that {A,T},ecq is a continuous K — g—frame with bounds A and B.
Then for every f € H.

A|lE £ S/ Q|!AwaH2du(w) < BJ|f]1%,
we

hence, N(T) is a subspace of N'(K*),since K is surjective
N(K*) =R(K)* = {0},

this shows that T is injective.
(2) We have T is injective. Since T is self-adjoint and has closed range

R(T) = R(T*) = N(T)* = H.

It follows that T is surjective, therefore, T is invertible. Let f € H, then, Tg = f for
some g € H. Hence

/ 1A () = / IATglPdu(w)
we

we
> Al K*g|
= A[|K* T f|?
= A|[(T'K)* f|1>.

This implies that {A, }weq is a continuous K — g—frame.
(3) This follows from (1) and Theorem 2.4. O

In next result, we give conditions under which the sequence {A, T} + I',)T5 }weq is a
K — g—frame, where {A, }weq and {I', }weq are continuous K — g—bessel sequences and
Ty, Ty € L(H).

Theorem 2.6. Let {A,}weq be a continuous K — g—frame and T'y,ecq be a continuous
g—Dbessel sequence. If for every w € Q, R(A,) L R(Ty), then {A,T1 + T'wTs}bweq is a contin-
uous (T} K) — g—frame, where Ty, Ty € L(H).

Proof. Let Let {A,}wen be a continuous K — g—frame and I',,cq be a continuous
g—bessel sequence. THerefore, there exist constants Aj, By, By, such that for every

feH
ALK 2 < / |AwfPdu(w) < Byl

we

and
| IPuflPdue) < Baf 17
weN

Since R(Ay) L R(I'y), we have R(A,T1) L R(I',T3) for all w € Q. Therefore we infer
that

AT f]] < [[(AwTh + TuT2) fIl, - VS € H.
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Hence for each f € H

AIKTSP < [ AT Pdu(w)

weN

s/ |(AWTh + TuTo) 2 dp(w)
we

:/ HAwa2du(w)+/ 1T To f11*dp(w)
wes)

weN

< BT f|)? + Ba| To f|?

s(&WW+&MW)W%

therefore, {A,T1 + T'wTs }weq is a continuous (77 K) — g—frame. O
We conclude this section with the following result.

Corollary 2.7. Let {Ay }weq be a continuous K — g—frame and {I',, }weq be a continuous
g—bessel sequence, such that R(A,) L R(T'y,) for all w € Q. Then the following statements
hold:
(1) The sequence {A,T + T'yT }weq is a continuous (T*K) — g—frame.
(2) The sequences { Ay, + 'y }wea and {Ay, — Ty bweq are continuous K — g—frames.
3) If {aw}w € Q and {by, }weq are two positively confined sequences, then the sequence
{awAy + byTy bweq is a continuous K — g—frame.

Proof. The statements (1) and (2) follow at once from Theorem 2.6. For (3), note that if
{aw twea and {by, }weq are positively confined, then {a, Ay }weq and {6,y fweq are con-
tinuous K — g—frames. Since R(A,) L R([',), we have R(a,A,) L R(b,I'y) for all
w € 2. Now apply (2). O

3. CHARACTERIZING CONTINUOUS K — g—FRAMES BY QUOTIENT MAPS

Let 71,7y € L(H). The map [T1/T5] : R(T5) — R(T1) defined by Tof — Tof is
called the quotient map. It is proved that [T} /T3] is a linear operator on H if and only if
N(Ty) C N(Ty).

Theorem 3.1. Let {A,, }weq be a continuous g—bessel sequence with the frame operator S and
K € L(H). THen, {Ay }weq is a continuous K — g—frame if and only if the quotient operator
[K*/S%] is a bounded linear operator. In this case, K = Sz X for some X € L(H).

Proof. First, note that for every f € H, we have
157 1| = (S, £)
~ [ A fdutw)
wes

[ (b At

:/Qmumwm. 3.1)
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Now, let {A, }weq be a continuous K — g—frame. Then exists constant A > 0, such that

AIKSP < [ AuflPdutw), vF € B

wes)

From this and (3.1), we obtain
IS2fI1* > A K™ fI,

hence, N'(S2) C N(K*), which implies that the quotient map
[K*/S2] + R(S2) — R(K*) defined by [K*/S2|(S2f) = K*f is a bounded linear
operator.

Conversely, assume that [K*/S2] is a bounded linear operator Then, there exists ¢ > 0,
such that for all f € H

1K fI2 < c||S2 £

From this and (3.1), we infer that
IS <e [ IAufPauo),
we

therefore, {A, }weq is a continuous K — g—frame.
To complete the proof, let {A,, },cq be a continuous K — g—frame. then

S>aKK* for some «>0.
By Lemma 1.10 there exists X € L(H), such that K = S2X. O

Corollary 3.2. Let {A, }weq be a continuous K — g—frame and n € N. Then , [K*/S2]is a
continuous K™ — g—frame. If K is invertible, then the converse holds.

Proof. Let {Ay }weq be a continuous K — g—frame and n € N. Then [K*/52] is a bounded
linear by Theorem 3.1. Hence, there exists C' > 0, such that for every f € H

K" fIl < ClIS2 £l
Therefore, for every f € H we have
I (B fI < DB £
< CIE") S= 11
This shows that [(K™)*/S2] is a bounded linear operator. That is, {A, }weq is a continu-
ous K™ — g—frame.

for the converse, assume that {A, }wecq is a continuous K™ — g—frame. Note that if K
is invertible, then

K=K'K'™,
It follows from Lemma 1.10 that:

KK* < aK™(K™)".
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for some « > 0. Therefore, for every f € H, we have

LK fII* = (K f, K™ f)

= (KK*f, f)

(K™ (K")"f, f)
= o({(K")"f, (K")"f)
= o |(K")" f]I*.

IN

This implies that the quotient operator [K*/S2] is bounded. Thus, {A }ueq is a contin-
uous K — g—frame. O

Theorem 3.3. Let {Ay, }weq be a continuous K — g— frame with frame operator S. Then the
following assertion are equivalent

1) {AwT }weq is a continuous TK — g—frame.
(2) [((TK)*/(S2T)] is bounded.
(3) [(TK)*/(T*ST)z2] is bounded.

Proof. For every f € H, we have

|y = [ AT )

- ( /w . A AT fdu(w))

= T*STY.

Hence, the frame operator of {A,T}yeq is T*ST. Now, Theorem 3.1 shows that (1) and
(3) are equivalent.
for every f € H, we have

|(T*ST)2 f|* = (T"ST) £, T"ST)% )
=((T"ST)f, f)
=(STf.Tf)
= (SETf, SETf
= [|S:T /|1
Therefore, (2) and (3) are equivalent. O

Corollary 3.4. Let {A, }weq be a continuous g—frame. Then, the assertions are equivalent.

1) {Aw K }ueq is a continuous K — g—frame.
(2) [K*/(S2K)] is a bounded.
4. DUAL OF CONTINUOUS K — g—BESSEL SEQUENCE

Definition 4.1. Suppose that K € L(H) and {A, }weq is a continuous K — g—frame
for H with respect to {Hy }weq- A g—bessel sequence {I',, }weq for H with respect to
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{Hy }weq is said to be a dual continuous K — g—bessel sequence of {A, }weq if

Kf= N Ty fdu(w), VfeH

we

Theorem 4.2. Let K € L(H) and {A, }weq be a continuous g—bessel sequence for H with

respect to { Hy, }weq- T is the continuous g—preframe operator associated with { Ay, }weq, then
{Ay }weq is a continuous K — g—frame if and only if R(K) C R(T).

Proof. Suppose that {A, }y,eq is a continuous K — g—frame with respect to {Hy }uea-
Then there exists a constant A > 0 such that
AIKAP < [ [AufPdute), VS e B
we
Let {0, € L(H,H,),w € Q} is the continuous g—orthonormal basis for H with respect
to { Hy }weq- Then, by Lemma 1.7, we have A, = 6, T*, Vw € €, so

AMWWS/ 10T |2 du(w) = |T* |2, Vf € A,

we

hence, AK K* < T'T*. Therefore by Lemma 1.10, we have R(K) C R(T).
Conversely, assume that R(K) C R(T). By Lemma 1.10, there exists a constant A > 0
such that KK* < \TT*, then

KK f.f) < (TT'f. ),

S0,
1 * *
SR I < 7 )

Note {Ay }weq is a continuous g—bessel sequence and suppose that {0, },cq is the con-
tinuous g—orthonormal basis for H with respect to {H,, }weq, then by Lemma 1.7, we

have
17512 = [ T PdnGw) = [ A ),
wel well
hence,
Lo
MK < [ A fPduw),
A we)
so, the continuous g—bessel sequence is a continuous K — g—frame. O

Theorem 4.3. Let K € L(H) and {Ay }wea be a continuous g—bessel sequence for H with
respect to { Hy, }weq. The associated continuous g—preframe operator with {Ay }weq is T and
{04 }weq is the continuous g—orthonormal basis for H with respect to { Hy }weq- Then T is a
co-isometry if and only if { A, K*}eq is a continuous Parseval K — g—frame.

Proof. From the definition of continuous g—orthonormal basis, we have

/Qmwﬁ%mmz/ 10,T°K* f2du(w) = ||T°K°f|?, Vf € H.
we

weN

Which implies the conclusion is obvious. O
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Theorem 4.4. Let K € L(H) and {6, }weq be a continuous g—orthonormal basis for H with
respect to { Hy, }weq- {Aw }weq is a continuous K —g—frame for H with respect to { H, e with
the continuous g—preframe operator T'. U is the continuous g—preframe operator of continuous
g—Dbessel sequence {Ty, }weq. If U is invertible and U~ is the right inverse of T, then {Ty, }weq
is a continuous K — g—frame.

Proof. {Ay}weq is a continuous K — g—frame for H with respect to { Hy, }weq, then there
exists a constant A > 0 such that
AIKAP< [ I8ufPdutw),
we
and we have {0, }.cq is a continuous g—orthonormal basis for H with respect to
{Hw}weﬂ) SO
| IAuslPduw) = [ uT fPdutw), v € B
we wes)
Since U is invertible and TU ! = Iy, we obtain
[ IaflPdute) = [ 10,0 @ T Pdp(w) = [ 0,0 fPdutw), S € B,
we we we

we have U is the continuous g—preframe operator of continuous g—bessel sequence
{T'» }weq, then

AIKf|? < / IDwf2dp(w), Vf € H.

we

g

Theorem 4.5. Let K € L(H) and {6, }weq be a continuous g—orthonormal basis for H with
respect to { Hy, }weq- {Aw fweq is a continuous K — g—frame for H with respect { Hy, }weq With
the continuous g—preframe operator T. U is the continuous g—preframe operator of continuous

g—bessel sequence {T'y, }weq- Then {T'y }weq is the dual continuous K — g—bessel sequence of
{Aw}weq ifand only if K = TU™.
Proof. Assume that {T';, },eq is the dual continuous K — g—bessel sequence of {A, }weq,
then foreach f € H

Kf= [ A“Dofdu(w).

weld
Since {6, }weq 18 the continuous g—orthonormal basis for H, then by Lemma 1.7, we have

forall fe H

Kf= / (0T (OuU) ()

= T/ 0% 0., U fdu(w)
weN
=TU"f,

so, K =TU".
Conversely, suppose that K = TU*. We have

Ay = 0,T*, Ty, =0,U" YuweQ.
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Hence, foreach f € H
| Milupdntw) = [ 070,07 fdutw)
we wes)

= T/ 0% 0., U fdu(w)
we
=TU"f
=K.
This shows that {I", } ,eq is the dual continuous K — g—bessel sequence of {Ay fuweq. O

Theorem 4.6. Let K € L(H). {I'y}weq is the dual continuous K — g—bessel sequence of
{Aw }weq- Supposethat V€ L(H), if V is a co-isometry then {V*I'y, },,eq is the dual continuous
K — g—Dbessel sequence of {V*Ay }uwea-

Proof. Since V' is a co-isometry, then VV* = Iy. So, foreach f € H

L/‘Q(V*Aw)WV”ILdeu0v)=: AL VYT, fdu(w)

we

:/ QAZ}I‘wfd,u(w)
—KF.
U

Theorem 4.7. Let K € L(H) be with closed range and { Ay, }weq is a continuous K — g—frame
for H with respect to { Hy fwea. Then {AyPsr(i)(Sy")* K bweq is the dual continuous K —
g—bessel sequence of { Ay Pr(k)}wea-

Proof. Itis easy to check that {A,, Ps(r(x))(Sy")* K }weq is continuous g—bessel sequence.
Since Sy is self-adjoint and invertible, we have for each f € H

Kf=(Sy'SA)'Kf
= SA(Sy)Kf
= S Psrexoy (Sy ') K f
= PrixySiPsri) (Sy ') K f

:PR(K)/ QAZ}AwPS(R(K))(Sgl)*de,LL(w)
we

— | (AaPri) (A Paaaey (S31)" ) futo).
we
]

Theorem 4.8. Let K € L(H) be with closed range and { Ay, }weq is a continuous K — g—frame
for H with respect to { Hy, }weq- Then {¢w bweq is the dual continuous K — g—bessel sequence
of {AwPr(x) }wea if and only if Vw € Q, ¢, = Ty, + 0,0, where T'yy = Ay Psrrey (Sy ') K
and {0, }weq is the continuous g—orthonormal basis of H with respect to { Hy, fweq, ¥ € L(H)
and T'is the continuous g—preframe operator of { Ay }weq such that Prx)Tv = 0.
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Proof. (<=) Define the operator 1) = U* — T* Py(r(r))(Sy")* K, where U € L(H) is the
continuous g—preframe operator associated with {¢y, }weq, then ) € L(H). By Theorem
4.5 and Lemma 1.9, we know TU* = K and S = TT*, hence
Pru T f = PrucyTU* f — PriyTT* Ps(r(x)) (S ') K f
=Kf—(Sa)(Sy")'Kf
=0
Moreover,
0ut) = 0,U* — 0, T* Psr(xc)) (Sy ') K = ¢y — AwPS(R(K))(SXI)*Ka
hence
Fw + eww = AwPS(R(K))(SXI)*K + ¢w - AwPS(R(K))(SXI)*K = ¢w-

(=) Assume that ¢ € L(H) and Prx)T%¢ = 0, then it is obvious that {¢,}weq =
{Tw + 0¥ }weq is a continuous g—bessel sequence. So,

| aPrao) dufdnt) = [ (huPrae) Tufdutw) + [ (8 Pr) 0uts o)

weN weN

—Kf + Py | 10000 fdu(w

wel
= Kf+ PriyTV f
=K,
we conclude that {¢,}weq is the dual continuous K — g—bessel sequence of
{AwPR(K)}wEQ- O

Theorem 4.9. Let K € L(H) and {I",, }weq be the dual continuous K — g—bessel sequence
of {Ay }weq Whose continuous g—preframe operator T. Suppose the continuous g—preframe
operator of the continuous g—bessel sequence { ¢y, fweq is U, then TU* = 0 if and only if {T",, +
Ow Jwea 1S the dual continuous K — g—Dbessel sequence of { Ay }weo-

Proof. Assume that TU* = 0 and {0, },cq is the continuous g—orthonormal basis for H

with respect to { Hy }weq, then

| Mousdutw) = [ 010U fdutw)
weN

we
= T/ 0:0,U" f
we
=TU*f
=0.
Hence, for each f € H,

[ AuCu on)dute) = [ ATafdutw) = K7
wel) we

For the other implication, just put the above calculation process contrary again and we

can get the result. d
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Theorem 4.10. let K € L(H). {I'y}weq and {¢w }wea are both the dual continuous K —
g—bessel sequences of { Ay, }weq, respectively. Operators Vi and V4 are two linear operators on
H, if Vi + Vo = Iy then {T',Vi + ¢, Va }weq s the dual continuous K — g—bessel sequence of

{Aw}wGQ-

Proof. we have for each f € H,

/wEQ Ay TwVi + duVa) fdu(w) = /

wed

= KVi + KV, f
=KWVi+W)f
= KFJ.

NTVafdutw) + [ Noubiafdutu)

we

g

Corollary 4.11. Let K € L(H) and it is invertible. {I'y, }weq and {¢w tweq are both the dual
continuous K — g—bessel sequences of {Ay }weq, respectively. Operators Vi and Vy are two
linear operators on H, then {I',,V} + ¢4, Va }weq is the dual continuous K — g—Dbessel sequence

of {Ay}weq ifand only if Vi + Vo = Iy.

Proof. (<=) Suppose that V;+V; = Iy, then by Theorem 4.10, we have {I",, V1 + ¢4, V2 fwen
is the dual continuous K — g—bessel sequence of {A, }yeq-

(=) Assume that {I', V] + ¢, Va}ueq is the dual continuous K — g—bessel sequence
of {Ay }weq, so foreach f € H,

Kf= AL (CuVi+ 64 Va) fdpu(w)
we
= [ nLfdutw)+ [ AeuVafdu(w)
weN we
=KWVif+ KVf
=KW +W)f.
Hence,
Since K is invertible and we conclude that V; + V5 = I. O

Theorem 4.12. Let K € L(H) anve closed range and {T",, }.cq be the dual continuous K —
g—bessel sequence of { Ay, }weq- Suppose that « is a complex number and R(K) C S(R(K)),
then the sequence { Ay }weq defined by

A, =aly + (1 —a)A,Si 'K (4.1)
is a dual continuous K — g—bessel sequance of { Ay, }weq for H with respect to { Hy, }weq-

Proof. Since {Ay }weq and {I'y }weq are both continuous g—bessel sequences, then it is
easy to check the sequence {A, }.,ecq is also a continuous g—bessel sequence. Hence, for
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each f € H,

/ A A fdu(w) = / Al aly, fdu(w) + / A5 (1 — a)ASUTK fdu(w)
we? we

we
=aKf+(1- a)/ A:ALSTK fdp(w)
wel)

=aKf+(1—-a)Kf
—Kf.
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