Functional Analysis FAC — SEAMS
Volume 2, 2023, ID 2

Some Fixed Point Theorems in Rectangular b-Metric Spaces

Mohamed Rossafi ' = Hafida Massit 2

! LaSMA Laboratory Department of Mathematics, Faculty of Sciences Dhar El Mahraz, University Sidi
Mohamed Ben Abdellah, B. P. 1796 Fes Atlas, Morocco

2 Department of Mathematics, University of Ibn Tofail, B.P. 133, Kenitra, Morocco

ABSTRACT. This present paper extends some fixed point theorems for a class of nonex-
pansive mappings using Picard sequences in rectangular b-metric spaces endowed with
an arbitrary binary relation. Our results extend and improve many results existing in the

literature.

1. INTRODUCTION AND PRELIMINARIES
In 1922 Banach proved the following theorem.

Theorem 1.1. [1] Let (X, d) be a complete metric space. Let T : X — X be a contraction.
Then:
(i) T has a unique fixed point z € X.

(ii) For every xy € X, the sequence (x,,), where x,,,1 = Tx,, converges to .
n

(iii) We have the following estimate: For every x € X, d(xp,x) < d(xg,z1),n € N,

1—k
Several generalization of the previous theorem in various directions are given [4-12].
In 2000, for the first time generalized metric spaces were introduced by Branciari [2],

in such a way that triangle inequality is replaced by the quadrilateral inequality

d(z,y) < d(z, 2) + d(z,u) + d(u,y),

for all pairwise distinct points z,y, z and u. Any metric space is a generalized metric
space but in general, generalized metric space might not be a metric space.
In 2015 George et al. [3] announced the notion of b—rectangular metric space as follow:

Definition 1.2. [3]. Let X be a nonempty set, s > 1 be a given real number, and let
d: X x X — [0,4+00[ be a mapping such that for all z,y € X and all distinct points
u,v € X, each distinct from x and y:

1. d(z,y) =0, if only if z = y;
2. d(z,y) =d(y,r);
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3. d(z,y) <sld(z,u) +d(u,v)+d(v,y)] (b —rectangular inequality) .

Then (X, d) is called a b—rectangular metric space.

1

Example 1.3. Let X = AU B such that A = {—;n € N*} and B = {2,3} . Define
n

d: X x X — 0,00 by

20 ,r,y €A

7 ,x€ Aandy € B or x € Bandy € A
dw,y) = {2

0 L =1y

o otherwise

where o > 0. dis a rectangular b— metric with a coefficient b = 2 and (X, d) is a complete
rectangular b—metric.

Definition 1.4. [3] Let (X, d) be a rectangular b—metric space and {z,,} a sequence in
X. We say that:

1. {x,} converges to z € X, if d(z,,z) — 0asn — oo.
2. {x,} is a Cauchy sequence, if d(z,,, z,) — 0as m,n — oo
3. (X,d) is complete, if very Cauchy sequence in X is convergent.

Let (X, d) be a rectangular b—metric space and 7" : X — X be a map on X. We denote
the set of fixed point of T'by F(T) ={z € X : Tx = z}.

Let W be a subset of X x X and let 7" : X — X be a map. W is Banach T'—invariant if
(Tx,T?z) € W whenever (z,Tx) € W. Also, a subset Y of X is well ordered with respect
to Wif forall z,y € Y we have (z,y) € Wor (y,x) € W.

In this paper, we provide some fixed point results for nonexpansive mapping in rect-
angular b—metric spaces endowed with an arbitrary binary relation. Using the Picard
sequence. Our main results extends and improves many results existing in the literature.

2. MAIN RESULTS

The following lemmas use to proof ours results:

Lemma 2.1. Let (X, d) be a rectangular b—metric space with b > 1 and
T : X — X be a mapping. Suppose that {x,} a sequence in X defined by 1 = Tx,
n € N. such that

d(x'm xn—i—l) S 6d(xn—17 xn)

foralln € Nand § € [0, 1).
Then {z,} is a Cauchy sequence.

Proof. Let xy € X and x4y = Tz, foralln € N
We have

d(ﬂ?n, xn+1) S 6d(xn717 xn)
S 52d(xn—27 mn—l)
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< 0"d(xg, x1).

Form > 1and p > 1, it follows that

A(Tm1ps Tm) < O[d(Tmtp, Tmap—1) + A(Tmip—1, Tmtp—2) + ATmtp-2, T

< bd(Tmtp, Tmap—1) + 0A(Tmsp—1, Tmap—2) + b[b[d(Tmip-2, Tmip-3) + d(Tmip-3, Tmip-a) +
A(Tm+p—1, Tm)|]

= bd(Tmtps Tmtp—1) + bd(Tmip—1; Tomtp—2) + 0°d(Tmtp—2, Tmip-3) + b*d(Tmtp-3, Tmtp—a) +
V2 d(Tmtp—1, Trm)

< bdp(le’m+pa Tmtp—1) + bd(fqupfla Tmtp—2) bzgg%‘m+p72v Tmip-3) + 0°d(Timtp-3, Tmtp-a) +
e+ 02 A3, Ting2) + 0 2 d(Timg2, Tmg1) +0 2 d(Tmg1, Tm)

< [bsmrPL ppgmtrl 44 bp%lcsm]d(azo, x1) = 0asm — oo.

Wich implies that {z,} is a Cauchy sequence. O

Lemma 2.2. Let {z,} a nonincreasing sequence of nonnegative real numbers, then for a < 3
and b > 1, the sequence

(44 4b)x, + «
(4+4b)x, + B

{ }

is nonincreasing too.

Proof. We have
((4+ 4b)ay + ) (4 + 46)ays1 + B) = (44 4D)z1 + @) (4 + 4Bz, + B)
(4+4b)x, + « S (44 4b)xp1 +

(44+4b)x, + 8 — (4+4b)xp + 6
Since {x,} is nonincreasing sequence, we obtain the result. O

Corollary 2.3. Let (X, d) be a complete rectangular b—metric space with coefficient b > 1,
T : X — X be a nonexpansive mapping and xy € X.
If {x,} is a Picard sequence, then the sequence
(4 +4b)d(zy,, Tpi1) + @
{(4 +40)d(xp, Tpi1) + B

}

is nonincreasing for a < f3

Theorem 2.4. Let (X, d) be a complete rectangular b— metric space with coefficient b > 1
endowed with a binary relation W on X and let T : X — X be a nonexpansive mapping such
that
bd(Tx,Ty) <

d(z, Ty) + d(y, Tz) + d(z, T*y) + d(y, T?z) + d(Tx, T%*y) + d(Ty, T?*x) + «

(d(m, Tx)+d(y, Ty) + d(z, T?z) + d(y, T%z))—i— d(Tx,T?x) + d(Ty, T?*y) + B
1

forall (z,y) € W, where A € [0,1) ,a, B € [0, +00) such that a <

Assume that:

+ A)d(z,y)

(a) W is Banach T— invariant.

(b) if {u,} is a sequence in X such that (u,_1,u,) € W foralln € Nand u,, - u € X as
n — oo, then (u,—1,u) € W, ,¥n € N

(c) F(T) is well ordered with respect to W.
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If there exists ug € X such that (ug, Tug) € W and
(4 4 4b)d(ug, Tug) + «
(4 + 4b)d(uo, Tuo) + B

+A<1(2)

Then,

(i) T has a fixed point u € X
(ii) for any ug € X, the sequence {u,,} convergs to a fixed point of T'
(iii) if u,v € X are two different fixed points of T, then

d(u,v) > max{w, 0}.

Proof. Let {u,} be a sequence in X with an initial approximation u, € X such that
TUp = Upy1.

Assume that (ug, Tug) € W, then (2) holds.

If u, = u,,_1 for some n € N, then u,,_; is a fixed point of T".

Now we assume that u,,_; # u, VYn € N.

Since W is Banach T— invariant,

we get that (uy, us) = (Tug, T?ug) € W for (ug, u1) = (ug, Tug) € W.

Using (1) with x = u,,y and y = u,, Vn € N,

we have

bd(ty,, un+1) = bd(Tup—1,Tuy)
d(unfla unJrl) + d(uru un) + d(unfh un+2) + d(una unJrl) + d(una un+2) + d(unJrla un+1) + «

<

B (d(un—la un) + d(una un+1) + d(un—la un-‘rl) + d(un; un-‘rQ) + d(una un+1) + d(un-‘rla un+2) + ﬁ
A)d(tp—1,up)

< (d(unq, Unt1) + b(d(Un—1,un) + d(Un, Unt1) + d(Un+1, Unt2)) + d(Un, Unt1) + d(Un, Unt2) + n

) 7( d(un—h un) + d(un; u'n+1) + d(un—h un—i—l) + d(uvu U7L+2) + d(un; un+1) + d(un+la un+2) + B

A)d Up—1, Un

< ( d(unfla un+1) + bd(unfla un) + bd(una unJrl) + bd(un+17 un+2> + d(’una un+l) + « +

o d(un—h un) + d(uny U71,+1) + d(un—h un+1) + d(uny Un+2) + d(un; U71,+1) + d(u71,+1a un+2) + 6
A)d(tp—1, up)

< ¥ d(tn—1,Unt1) + d(Un—1,un) + d(Un; Unt1) + d(Unt1, Unt2) + d(Un, Unt1) + d(Unt1, Uny2) n

d(un—1,un) + d(tn, Unt1) + d(Un-1,Uns1) + d(Un, Unt2) + d(Un, Unt1) + d(Upy1, uns2) + B
A d(tn—1, Un)

Then,
(1 +b)d(un—1,un) + (20 4+ 2)d(tn, un+1) + (1 + b)d(up+1, Unt2) + @
. (1+ b)d(u_nflv Up,) +'(2b + 2)d(tn, un+1) + (1 4+ 0)d(unt1, tnt2) + B
Since 7' is nonexpansive mapping,

d(una un+1) S ( + )\)d(un—h un)

we get
(14 b)d(ug,u1) + (2b+ 2)d(uy, ug) +
dtn, un1) < (¢ b)dEuo,ul) (2 +2)d (ul,uQ>
(

(1+b)d(ug, u3) +a
(1+

(1 + b)d(u07 TUO) 2b + 2) (TUO, T UO) ( )
b)

1+
1+ b)d(uz,u3) + 3
d(T?ug, T3ug) + «

+ Nd(up—1,up)

- ((1 + b)d(ug, Tuo) + (2b + 2)d(Tug, T?ug) + (1 + b)d(T?ug, T3ug) + 3 + A)d(un—1, un)
(4 + 4b)d(ug, Tug) +
= ((4 + 4b)d(ug, Tug) + + A)d(un—1,un)
= 5d(un717un)
herf 4b)d T
_(+ )(U07 UQ>—|-O[+)\<1

 (4+4b)d(uo, Tug) + B
Applying Lemma 2.5 we have {u,} is Cauchy sequence.

By the completeness of X, there exists x € X such that lim,, . u, = u.
From hypothesis (b) we have (u,,u) € W,
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taking * = u,, and y = w in (1),
we get

bd(up+1, Tu) = bd(Tuy, Tu)
< (d(un7 Tu) + d(u, Tuy)

+ d(tn, T?u) + d(u, T?uy,)
d(up, Tup) + d(u, Tu) +
+

+ d(Tup, T*u) + d(Tu, T?uy) + «
(U, T?up) + d(u, T?u) +
+

d d
d d(Tup, T?uyp) + d(Tu, T?u) +

A)d(un, u)
d(un, Tu) + d(u, uni1) + d(un, T*u) + d(u, uns2) + d(uni1, T?u) + d(Tu, upy2) + @

d(um un+1) + d(ua Tu) + d(“m un+2> + d(u, TQU) + d(un+1> un+2) + d(Tuv TQU) —+ /3
A)d(un, u) (3)

Taking limit as n — oo in (3)
we obtain that d(u, Tu) < 0 then Tu = u,
in other words u is fixed point of 7".Thus ( ) and (i7) hold.
Let v be a another fixed point of T"with u # v .
Using (1) with x = wand y = v , we get
bd(u,v) = bd(Tu,Tv)
< (d(u ,T) + d(v, Tu) + d(u, T?v) + d(v, T?u) + d(Tu, T?v) + d(Tv, T?u) + «
= d(u, Tu) + d(v, Tv) + d(u, T?u) + d(v, T?v) + d(Tw, T?u) + d(Tv, T?v) + 8
6d(u,v) +
= (T A)d(u,v)
b— A
and hence d(u,v) > %
Theorem 2.5. Let (X, d) be a complete rectangular b— metric space with coefficient b > 1

endowed with a binary relation W on X and let T : X — X be a nonexpansive mapping such
that

IA

+ N)d(u,v)

that is (zi7) holds. O

bd(Tx, Ty) <
d(z,Ty) + d(y, Tx) + d(z,T%) + d(y, T*z) + d(Tx, T%y) + d(Ty, T*z) + a
(e, o) + d(y, Ty) + dlw, %) + d(y, T%) + d(Tw, %) + d(Ty. T%) < 5

Nd(z,y) + Ld(y, Tr)

forall (z,y) € W, where A € [0,1), o, 3, L € [0, 400
Assume that:

)

such that o < 3

(4
)

(a) W is Banach T— invariant.

b) if {u,} is a sequence in X such that (u,_1,u,) € W foralln € Nand u,, - u € X as
n — oo, then (u,—1,u) € W,¥n € N

(c) F(T) is well ordered with respect to W.

If there exists ug € X such that (ug, Tug) € W and (2) holds
Then,

(i) T has a fixed point u € X
(ii) for any ug € X, the sequence {u,,} converges to a fixed point of T

(iii) if u,v € X are two different fixed points of T, then

d(u,v) > max{ﬁ(b — L6_ A = a,O}.

Proof. Let {u,} be a sequence in X with an initial approximation u, € X such that
Tun - un+1.

Assume that (ug, T'ug) € W, then (2) holds.
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If u, = u,,_1 for some n € N, then u,,_; is a fixed point of T".

Now we assume that u,,_; # u, Yn € N.

Since W is Banach T'— invariant, we get that (uy, uz) = (Tug, T?ug) € W for (ug,u;) =
(ug, Tug) € W.

Using (1) with x = u,,_; and y = u,, Vn € N, we have

bd(tp, upt1) = bd(Tup—1, Tun)
d(un—lv un+1) —+ d(un, un) + d(un—lv un+2) + d(un, un+1) + d(un, Un+2) + d(un+1» Un-H) + o

< +
(d(unflv un) + d(”ny un+1) + d(unfly un+1) + d(un; un+2) + d(”ny unJrl) + d(un+1a un+2) + B
A)d(tp—1,upn) + Ld(tn, uy)
< (d(un—la Upy1) + b(d(un—1,un) + d(tn, uny1) + d(Uns1, Unt2)) + d(un, uns1) + d(un, uni2) + o +
T d(un—1,un) + d(Un, Ung1) + d(Un—1, Ung1) + (U, Ung2) F d(Un, Ung1) F d(Uny1, Ung2) + B
A)d(tp—1,up)
< ( d(unfla un+1) + bd(unflv un) + bd(un7 unJrl) + bd(unJrh un+2) + d(una Un+1) +« +
T d(un—1,un) + d(up, Unt1) + d(Un—1, Un+1) + d(Un; Unt2) + d(Un, Unt1) + d(Uns1, Uny2) + B
A)d(tp—1,up)
< d(tn—1,Un+1) + d(Un—1,Upn) + d(tn, Uny1) + d(Ung1, Un2) + AU, Ung1) + d(Ung1, Unp2) n

d(un—h un) + d(una U7L+1) + d(un—h un—i—l) + d(un7 un+2) + d(una U7L+1) + d(“m—&-la u7z+2) +
A)d(tp—1, up)
Then,

At tnsr) < ((1+b)d(un_1,un) + (2b + 2)d(tn, 1) + (1 + b)d(tn g1, tnyz) +
mEE = N A D) (s n) + (20 + 2)d(tn, 1) + (14 5)d (1, ngz) + B
/\)d(un—lv un)

Since 7' is nonexpansive mapping, we get

At 1) < ((1+b)d(u0,u1)+(2b+2) (ug,u2) + (1 +
mE =y b)d(uo, w) + (2 +2)d (ul,u2) (

(1 + b)d(uo, TuO) (20 + 2)d(Tuo, T2uo) ( b)

(44 4b)d(ug, Tug) + @

1+ b)d(ug,us3) + «
]- ) (UQ, u3) + /B
b)d(T?ug, T?ug) + o
d(T?ug, T3up) +

+ A)d(un—lu un)

+ )\)d(unfla un)

< (03 ) dae Tug) 15+ V(0n-10)
= 5d(un,1,un)

here

_ (4 + 4b)d(U0, TU,O) + « n \ o1

(44 4b)d(ug, Tug) + S
Similary at the proof of Theorem 3.1
we obtain that {u,, } is Cauchy sequence. By the completeness of X, there exists z € X
such that lim, ety = u.

From hypothesis (b) we have (u,,u) € W; taking x = u,, and y = u in (4), we get
bd(up+1,Tu) = bd(Tuy,, Tu)
d(up, Tu) + d(u, Tuy,) +
(d(un, Tuy) + d(u, Tu) +
+
_|_

IN

d(tn, T?u) + d(u, T?uy,) + d(Tup, T?uw) + d(Tu, T?u,) + «
d(tn, T?uy) + d(u, T?u) + d(Tup, T?uy) + d(Tu, T?u) + S
A)d(tp,w) + Ld(u, Tuy,)
d(up, Tu) + d(u, upy1)
d(tn, un+1) + d(u, Tw)
A)d(tp, w) + Ld(u, upy1) (5)
Taking limit as n — oo in (5) , we obtain that d(u,Tu) < 0 then Tu = w ,in other
words u is fixed point of T.Thus (i) and (7) hold.

Let v b a another fixed point of T"with u # v . Using (4) with z = wand y = v , we get
bd(u,v) = bd(Tu,Tv)

d(tn, T?u) + d(u, upt2) + d(tni1, T?u) + d(Tu, Uny2) +
d(tp, unt2) + d(u, T?u) + d(upt1, unt2) + d(Tu, T?u) +

IN

+
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(d(u, Tv) 4 d(v, Tu) + d(u, T?v) 4 d(v, T?u) 4+ d(Tw, T?v) + d(Tv, T?u) + «
d(u, Tu) + d(v, Tv) + d(u, T?u) + d(v, T?v) + d(Tu, T?u) + d(Tv, T?v) + 8
Ld(v, Tu)

(Gd(u, v) + o

and hence d(u,v) > blb - LG_ N - , that is (#ii) holds.

IN

+ Nd(u,v) +

+ AN)d(u,v) + Ld(v,u)

If we take & = 0, 5 = 1 in Theorems 3.1 and 3.2 we obtain the following results.

Corollary 2.6. Let (X, d) be a complete rectangular b— metric space with coefficient b > 1
endowed with a binary relation W on X

and let T': X — X be a nonexpansive mapping such that

bd(Tz, Ty) <
d(z, Ty) + d(y, Tx) + d(xz, T*y) + d(y, T?z) + d(Tz, T?y) + d(Ty, T*x)

<d(x, Tx)+d(y, Ty) + d(x, T?z) + d(y, T?y) + d(Tz, T%x) + d(Ty, T?y) + 1

forall (x,y) € W, where A € [0,1)

Assume that:

+A)d(z, y)

(a) W is Banach T— invariant.
(b) if {u,} is a sequence in X such that (u,_1,u,) € W foralln € Nand u,, — u € X as
n — oo, then (u,_1,u) € W, ¥n € N
(c) F(T) is well ordered with respect to W.
If there exists ug € X such that (ug, Tup) € W and
(4 + 4b)d(ug, T'ug)

A<
(4+4b)d(u0,Tuo)+1+ <

Then,

(i) T has a fixed pointu € X
(ii) for any ug € X, the sequence {u, } convergs to a fixed point of T

(iii) if u,v € X are two different fixed points of T, then

d(u,v) > max{ (b ; A ,0}.

Corollary 2.7. Let (X,d) be a complete rectangular b— metric space with coefficient b > 1
endowed with a binary relation W on X

and let T : X — X be a nonexpansive mapping such that

bd(Tx, Ty) <
d(z,Ty) + d(y, Tx) + d(z, T*y) + d(y, T?z) + d(Tx, T*y) + d(Ty, T?z)
(d(az, Tx)+d(y, Ty) + d(z, T?z) + d(y, T?y) + d(Tx, T?x) + d(Ty, T?y) + 1
ANd(z,y) + Ld(y, Tx)
forall (z,y) € W, where A € [0, 1)
Assume that:

(a) W is Banach T— invariant.

(b) if {u,} is a sequence in X such that (u,_1,u,) € W foralln € Nand u,, — u € X as
n — oo, then (u,—1,u) € W ,¥n € N

(c) F(T) is well ordered with respect to W.
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If there exists ug € X such that (ug, Tug) € W and (2) holds
Then,

(i) T has a fixed point u € X
(ii) for any ug € X, the sequence {u,,} converges to a fixed point of T
(iii) if u,v € X are two different fixed points of T, then

b—L—\
d(u,v) > max{g, 0}.
If we take W = X x X in Theorems 3.1 and 3.2 we have the following results.

Theorem 2.8. Let (X, d) be a complete rectangular b— metric space with coefficient b > 1
and let T': X — X be a nonexpansive mapping such that
bd(Tx,Ty) <

d(z, Ty) + d(y, Tx) + d(z, T%y) + d(y, T%r) + d(Tz, T%y) + d(Ty, T°z) +
d(z,Tz) + d(y, Ty) + d(z, T?z) + d(y, T?y) + d(Tz, T?z) + d(Ty, T%y) + B
forall (z,y) € X, where A € [0,1),a, § € RY such that a < .
If there exists ug € X such that

(4 + 4b)d(ug, Tug) + « A<l

(4 + 4b)d(U0, TUO) + 4

( +A)d(z,y)

Then,

(i) T has a fixed point u € X
(ii) for any ug € X, the sequence {u, } converges to a fixed point of T'

(iii) if u,v € X are two different fixed points of T, then
b— A
d(u,v) > max{w, 0}.
Theorem 2.9. Let (X, d) be a complete rectangular b— metric space with coefficient b > 1
and let T : X — X be a nonexpansive mapping such that
bd(Tx, Ty) <
(d(x, Ty) +d(y, Tx) + d(z, T?y) + d(y, T?x) + d(Tx, T?y) + d(Ty, T*z) + « N
d(z,Tz) + d(y, Ty) + d(x, T?x) + d(y, T?y) + d(Tz, T?z) + d(Ty, T?y) + B
Ad(z,y) + Ld(y, Tx)
forall (x,y) € X, where A € [0,1), «, 5 € R such that a < .
If there exists ug € X such that
(4 + 4b)d(ug, Tug) + «
+A<1
(4 + 4b)d(u0, TU()) + 6

—~

Then,

(i) T has a fixed point u € X
(ii) for any ug € X, the sequence {u,,} converges to a fixed point of T
(iii) if u,v € X are two different fixed points of T, then

d(u,v) > max{ﬁ(b —L=N- a,O}.
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