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Abstract. This present paper extends some fixed point theorems for a class of nonex-
pansive mappings using Picard sequences in rectangular b-metric spaces endowed with
an arbitrary binary relation. Our results extend and improve many results existing in the
literature.

1. Introduction and Preliminaries

In 1922 Banach proved the following theorem.

Theorem 1.1. [1] Let (X, d) be a complete metric space. Let T : X → X be a contraction.
Then:

(i) T has a unique fixed point x ∈ X .
(ii) For every x0 ∈ X , the sequence (xn), where xn+1 = Txn, converges to x.

(iii) We have the following estimate: For every x ∈ X , d(xn, x) ≤
kn

1− k
d(x0, x1), n ∈ N.

Several generalization of the previous theorem in various directions are given [4–12].
In 2000, for the first time generalized metric spaces were introduced by Branciari [2],

in such a way that triangle inequality is replaced by the quadrilateral inequality

d(x, y) ≤ d(x, z) + d(z, u) + d(u, y),

for all pairwise distinct points x, y, z and u. Any metric space is a generalized metric
space but in general, generalized metric space might not be a metric space.

In 2015 George et al. [3] announced the notion of b−rectangular metric space as follow:

Definition 1.2. [3]. Let X be a nonempty set, s ≥ 1 be a given real number, and let
d: X × X → [0,+∞[ be a mapping such that for all x, y ∈ X and all distinct points

u, v ∈ X, each distinct from x and y:
1. d (x, y) = 0, if only if x = y;

2. d (x, y) = d (y, x) ;
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3. d (x, y) ≤ s [d (x, u) + d (u, v) + d (v, y)] (b− rectangular inequality) .
Then (X, d) is called a b−rectangular metric space.

Example 1.3. Let X = A ∪ B such that A = { 1
n
;n ∈ N∗} and B = {2, 3} . Define

d : X ×X → [0,∞[ by

d(x, y) =


2σ , x, y ∈ A
σ

2n
, x ∈ A and y ∈ B or x ∈ B and y ∈ A

0 ,x = y

σ otherwise

where σ > 0. d is a rectangular b−metric with a coefficient b = 2 and (X, d) is a complete
rectangular b−metric.

Definition 1.4. [3] Let (X, d) be a rectangular b−metric space and {xn} a sequence in
X . We say that:

1. {xn} converges to x ∈ X , if d(xn, x)→ 0 as n→∞.
2. {xn} is a Cauchy sequence, if d(xm, xn)→ 0 as m,n→∞
3. (X, d) is complete, if very Cauchy sequence in X is convergent.

Let (X, d) be a rectangular b−metric space and T : X → X be a map onX . We denote
the set of fixed point of T by F (T ) = {x ∈ X : Tx = x}.

Let W be a subset of X ×X and let T : X → X be a map. W is Banach T−invariant if
(Tx, T 2x) ∈ W whenever (x, Tx) ∈ W . Also, a subset Y ofX is well ordered with respect
to W if for all x, y ∈ Y we have (x, y) ∈ W or (y, x) ∈ W .

In this paper, we provide some fixed point results for nonexpansive mapping in rect-
angular b−metric spaces endowed with an arbitrary binary relation. Using the Picard
sequence. Our main results extends and improves many results existing in the literature.

2. Main results

The following lemmas use to proof ours results:

Lemma 2.1. Let (X, d) be a rectangular b−metric space with b ≥ 1 and
T : X → X be a mapping. Suppose that {xn} a sequence in X defined by xn+1 = Txn

n ∈ N. such that

d(xn, xn+1) ≤ δd(xn−1, xn)

for all n ∈ N and δ ∈ [0, 1).
Then {xn} is a Cauchy sequence.

Proof. Let x0 ∈ X and xn+1 = Txn for all n ∈ N
We have

d(xn, xn+1) ≤ δd(xn−1, xn)

≤ δ2d(xn−2, xn−1)

.
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.

≤ δnd(x0, x1).

For m ≥ 1 and p ≥ 1, it follows that
d(xm+p, xm) ≤ b[d(xm+p, xm+p−1) + d(xm+p−1, xm+p−2) + d(xm+p−2, xm)]

≤ bd(xm+p, xm+p−1) + bd(xm+p−1, xm+p−2) + b[b[d(xm+p−2, xm+p−3) + d(xm+p−3, xm+p−4) +

d(xm+p−4, xm)]]

= bd(xm+p, xm+p−1)+ bd(xm+p−1, xm+p−2)+ b2d(xm+p−2, xm+p−3)+ b2d(xm+p−3, xm+p−4)+

b2d(xm+p−4, xm)

≤ bd(xm+p, xm+p−1)+ bd(xm+p−1, xm+p−2)+ b2d(xm+p−2, xm+p−3)+ b2d(xm+p−3, xm+p−4)+

....+ b
p−1
2 d(xm+3, xm+2) + b

p−1
2 d(xm+2, xm+1) + b

p−1
2 d(xm+1, xm)

≤ [bδm+p−1 + bδm+p−1 + ...+ b
p−1
2 δm]d(x0, x1)→ 0 as m→∞.

Wich implies that {xn} is a Cauchy sequence. �

Lemma 2.2. Let {xn} a nonincreasing sequence of nonnegative real numbers, then for α < β

and b ≥ 1 , the sequence

{(4 + 4b)xn + α

(4 + 4b)xn + β
}

is nonincreasing too.

Proof. We have
((4 + 4b)xn + α)((4 + 4b)xn+1 + β) ≥ ((4 + 4b)xn+1 + α)((4 + 4b)xn + β)

⇔ (4 + 4b)xn + α

(4 + 4b)xn + β
≥ (4 + 4b)xn+1 + α

(4 + 4b)xn+1 + β
.

Since {xn} is nonincreasing sequence, we obtain the result. �

Corollary 2.3. Let (X, d) be a complete rectangular b−metric space with coefficient b ≥ 1,
T : X → X be a nonexpansive mapping and x0 ∈ X .

If {xn} is a Picard sequence, then the sequence

{(4 + 4b)d(xn, xn+1) + α

(4 + 4b)d(xn, xn+1) + β
}

is nonincreasing for α < β

Theorem 2.4. Let (X, d) be a complete rectangular b− metric space with coefficient b ≥ 1

endowed with a binary relation W on X and let T : X → X be a nonexpansive mapping such
that

bd(Tx, Ty) ≤

(
d(x, Ty) + d(y, Tx) + d(x, T 2y) + d(y, T 2x) + d(Tx, T 2y) + d(Ty, T 2x) + α

d(x, Tx) + d(y, Ty) + d(x, T 2x) + d(y, T 2y) + d(Tx, T 2x) + d(Ty, T 2y) + β
+ λ)d(x, y)

(1)

for all (x, y) ∈ W , where λ ∈ [0, 1) ,α, β ∈ [0,+∞) such that α < β

Assume that:
(a) W is Banach T− invariant.
(b) if {un} is a sequence in X such that (un−1, un) ∈ W for all n ∈ N and un → u ∈ X as

n→∞, then (un−1, u) ∈ W ,∀n ∈ N
(c) F (T ) is well ordered with respect to W .
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If there exists u0 ∈ X such that (u0, Tu0) ∈ W and
(4 + 4b)d(u0, Tu0) + α

(4 + 4b)d(u0, Tu0) + β
+ λ < 1 (2)

Then,
(i) T has a fixed point u ∈ X

(ii) for any u0 ∈ X , the sequence {un} convergs to a fixed point of T
(iii) if u, v ∈ X are two different fixed points of T , then

d(u, v) ≥ max{β(b− λ)− α
6

, 0}.

Proof. Let {un} be a sequence in X with an initial approximation u0 ∈ X such that
Tun = un+1.

Assume that (u0, Tu0) ∈ W , then (2) holds.
If un = un−1 for some n ∈ N, then un−1 is a fixed point of T .
Now we assume that un−1 6= un ∀n ∈ N.
Since W is Banach T− invariant,
we get that (u1, u2) = (Tu0, T

2u0) ∈ W for (u0, u1) = (u0, Tu0) ∈ W .
Using (1) with x = un−1 and y = un ∀n ∈ N,
we have
bd(un, un+1) = bd(Tun−1, Tun)

≤ (
d(un−1, un+1) + d(un, un) + d(un−1, un+2) + d(un, un+1) + d(un, un+2) + d(un+1, un+1) + α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un)

≤ (
d(un−1, un+1) + b(d(un−1, un) + d(un, un+1) + d(un+1, un+2)) + d(un, un+1) + d(un, un+2) + α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un)

≤ (
d(un−1, un+1) + bd(un−1, un) + bd(un, un+1) + bd(un+1, un+2) + d(un, un+1) + α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un)

≤ b(
d(un−1, un+1) + d(un−1, un) + d(un, un+1) + d(un+1, un+2) + d(un, un+1) + d(un+1, un+2)α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un)

Then,

d(un, un+1) ≤ (
(1 + b)d(un−1, un) + (2b+ 2)d(un, un+1) + (1 + b)d(un+1, un+2) + α

(1 + b)d(un−1, un) + (2b+ 2)d(un, un+1) + (1 + b)d(un+1, un+2) + β
+ λ)d(un−1, un)

Since T is nonexpansive mapping,
we get
d(un, un+1) ≤ (

(1 + b)d(u0, u1) + (2b+ 2)d(u1, u2) + (1 + b)d(u2, u3) + α

(1 + b)d(u0, u1) + (2b+ 2)d(u1, u2) + (1 + b)d(u2, u3) + β
+ λ)d(un−1, un)

= (
(1 + b)d(u0, Tu0) + (2b+ 2)d(Tu0, T

2u0) + (1 + b)d(T 2u0, T
3u0) + α

(1 + b)d(u0, Tu0) + (2b+ 2)d(Tu0, T 2u0) + (1 + b)d(T 2u0, T 3u0) + β
+ λ)d(un−1, un)

≤ (
(4 + 4b)d(u0, Tu0) + α

(4 + 4b)d(u0, Tu0) + β
+ λ)d(un−1, un)

= δd(un−1, un)

Where
δ =

(4 + 4b)d(u0, Tu0) + α

(4 + 4b)d(u0, Tu0) + β
+ λ < 1

Applying Lemma 2.5 we have {un} is Cauchy sequence.
By the completeness of X , there exists x ∈ X such that limn→∞un = u.
From hypothesis (b) we have (un, u) ∈ W ;
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taking x = un and y = u in (1),
we get
bd(un+1, Tu) = bd(Tun, Tu)

≤ (
d(un, Tu) + d(u, Tun) + d(un, T

2u) + d(u, T 2un) + d(Tun, T
2u) + d(Tu, T 2un) + α

d(un, Tun) + d(u, Tu) + d(un, T 2un) + d(u, T 2u) + d(Tun, T 2un) + d(Tu, T 2u) + β
+

λ)d(un, u)

≤ (
d(un, Tu) + d(u, un+1) + d(un, T

2u) + d(u, un+2) + d(un+1, T
2u) + d(Tu, un+2) + α

d(un, un+1) + d(u, Tu) + d(un, un+2) + d(u, T 2u) + d(un+1, un+2) + d(Tu, T 2u) + β
+

λ)d(un, u) (3)

Taking limit as n→∞ in (3) ,
we obtain that d(u, Tu) ≤ 0 then Tu = u ,
in other words u is fixed point of T .Thus (i) and (ii) hold.
Let v be a another fixed point of T with u 6= v .
Using (1) with x = u and y = v , we get
bd(u, v) = bd(Tu, Tv)

≤ (
d(u, Tv) + d(v, Tu) + d(u, T 2v) + d(v, T 2u) + d(Tu, T 2v) + d(Tv, T 2u) + α

d(u, Tu) + d(v, Tv) + d(u, T 2u) + d(v, T 2v) + d(Tu, T 2u) + d(Tv, T 2v) + β
+ λ)d(u, v)

= (
6d(u, v) + α

β
+ λ)d(u, v)

and hence d(u, v) ≥ β(b− λ)− α
6

, that is (iii) holds. �

Theorem 2.5. Let (X, d) be a complete rectangular b− metric space with coefficient b ≥ 1

endowed with a binary relation W on X and let T : X → X be a nonexpansive mapping such
that

bd(Tx, Ty) ≤

(
d(x, Ty) + d(y, Tx) + d(x, T 2y) + d(y, T 2x) + d(Tx, T 2y) + d(Ty, T 2x) + α

d(x, Tx) + d(y, Ty) + d(x, T 2x) + d(y, T 2y) + d(Tx, T 2x) + d(Ty, T 2y) + β
+

λ)d(x, y) + Ld(y, Tx) (4)

for all (x, y) ∈ W , where λ ∈ [0, 1) , α, β, L ∈ [0,+∞) such that α < β

Assume that:

(a) W is Banach T− invariant.
(b) if {un} is a sequence in X such that (un−1, un) ∈ W for all n ∈ N and un → u ∈ X as

n→∞, then (un−1, u) ∈ W ,∀n ∈ N
(c) F (T ) is well ordered with respect to W .

If there exists u0 ∈ X such that (u0, Tu0) ∈ W and (2) holds
Then,

(i) T has a fixed point u ∈ X
(ii) for any u0 ∈ X , the sequence {un} converges to a fixed point of T

(iii) if u, v ∈ X are two different fixed points of T , then

d(u, v) ≥ max{β(b− L− λ)− α
6

, 0}.

Proof. Let {un} be a sequence in X with an initial approximation u0 ∈ X such that
Tun = un+1.

Assume that (u0, Tu0) ∈ W , then (2) holds.
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If un = un−1 for some n ∈ N, then un−1 is a fixed point of T .
Now we assume that un−1 6= un ∀n ∈ N.
Since W is Banach T− invariant, we get that (u1, u2) = (Tu0, T

2u0) ∈ W for (u0, u1) =
(u0, Tu0) ∈ W .

Using (1) with x = un−1 and y = un ∀n ∈ N, we have
bd(un, un+1) = bd(Tun−1, Tun)

≤ (
d(un−1, un+1) + d(un, un) + d(un−1, un+2) + d(un, un+1) + d(un, un+2) + d(un+1, un+1) + α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un) + Ld(un, un)

≤ (
d(un−1, un+1) + b(d(un−1, un) + d(un, un+1) + d(un+1, un+2)) + d(un, un+1) + d(un, un+2) + α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un)

≤ (
d(un−1, un+1) + bd(un−1, un) + bd(un, un+1) + bd(un+1, un+2) + d(un, un+1) + α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un)

≤ b(
d(un−1, un+1) + d(un−1, un) + d(un, un+1) + d(un+1, un+2) + d(un, un+1) + d(un+1, un+2)α

d(un−1, un) + d(un, un+1) + d(un−1, un+1) + d(un, un+2) + d(un, un+1) + d(un+1, un+2) + β
+

λ)d(un−1, un)

Then,

d(un, un+1) ≤ (
(1 + b)d(un−1, un) + (2b+ 2)d(un, un+1) + (1 + b)d(un+1, un+2) + α

(1 + b)d(un−1, un) + (2b+ 2)d(un, un+1) + (1 + b)d(un+1, un+2) + β
+

λ)d(un−1, un)

Since T is nonexpansive mapping, we get
d(un, un+1) ≤ (

(1 + b)d(u0, u1) + (2b+ 2)d(u1, u2) + (1 + b)d(u2, u3) + α

(1 + b)d(u0, u1) + (2b+ 2)d(u1, u2) + (1 + b)d(u2, u3) + β
+ λ)d(un−1, un)

= (
(1 + b)d(u0, Tu0) + (2b+ 2)d(Tu0, T

2u0) + (1 + b)d(T 2u0, T
3u0) + α

(1 + b)d(u0, Tu0) + (2b+ 2)d(Tu0, T 2u0) + (1 + b)d(T 2u0, T 3u0) + β
+ λ)d(un−1, un)

≤ (
(4 + 4b)d(u0, Tu0) + α

(4 + 4b)d(u0, Tu0) + β
+ λ)d(un−1, un)

= δd(un−1, un)

Where
δ =

(4 + 4b)d(u0, Tu0) + α

(4 + 4b)d(u0, Tu0) + β
+ λ < 1

Similary at the proof of Theorem 3.1

we obtain that {un} is Cauchy sequence. By the completeness ofX , there exists x ∈ X
such that limn→∞un = u.

From hypothesis (b) we have (un, u) ∈ W ; taking x = un and y = u in (4), we get
bd(un+1, Tu) = bd(Tun, Tu)

≤ (
d(un, Tu) + d(u, Tun) + d(un, T

2u) + d(u, T 2un) + d(Tun, T
2u) + d(Tu, T 2un) + α

d(un, Tun) + d(u, Tu) + d(un, T 2un) + d(u, T 2u) + d(Tun, T 2un) + d(Tu, T 2u) + β
+

λ)d(un, u) + Ld(u, Tun)

≤ (
d(un, Tu) + d(u, un+1) + d(un, T

2u) + d(u, un+2) + d(un+1, T
2u) + d(Tu, un+2) + α

d(un, un+1) + d(u, Tu) + d(un, un+2) + d(u, T 2u) + d(un+1, un+2) + d(Tu, T 2u) + β
+

λ)d(un, u) + Ld(u, un+1) (5)

Taking limit as n → ∞ in (5) , we obtain that d(u, Tu) ≤ 0 then Tu = u ,in other
words u is fixed point of T .Thus (i) and (ii) hold.

Let v b a another fixed point of T with u 6= v . Using (4) with x = u and y = v , we get
bd(u, v) = bd(Tu, Tv)
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≤ (
d(u, Tv) + d(v, Tu) + d(u, T 2v) + d(v, T 2u) + d(Tu, T 2v) + d(Tv, T 2u) + α

d(u, Tu) + d(v, Tv) + d(u, T 2u) + d(v, T 2v) + d(Tu, T 2u) + d(Tv, T 2v) + β
+ λ)d(u, v) +

Ld(v, Tu)

= (
6d(u, v) + α

β
+ λ)d(u, v) + Ld(v, u)

and hence d(u, v) ≥ β(b− L− λ)− α
6

, that is (iii) holds.
�

If we take α = 0, β = 1 in Theorems 3.1 and 3.2 we obtain the following results.

Corollary 2.6. Let (X, d) be a complete rectangular b− metric space with coefficient b ≥ 1

endowed with a binary relation W on X
and let T : X → X be a nonexpansive mapping such that

bd(Tx, Ty) ≤

(
d(x, Ty) + d(y, Tx) + d(x, T 2y) + d(y, T 2x) + d(Tx, T 2y) + d(Ty, T 2x)

d(x, Tx) + d(y, Ty) + d(x, T 2x) + d(y, T 2y) + d(Tx, T 2x) + d(Ty, T 2y) + 1
+ λ)d(x, y)

for all (x, y) ∈ W , where λ ∈ [0, 1)

Assume that:
(a) W is Banach T− invariant.
(b) if {un} is a sequence in X such that (un−1, un) ∈ W for all n ∈ N and un → u ∈ X as

n→∞, then (un−1, u) ∈ W ,∀n ∈ N
(c) F (T ) is well ordered with respect to W .

If there exists u0 ∈ X such that (u0, Tu0) ∈ W and
(4 + 4b)d(u0, Tu0)

(4 + 4b)d(u0, Tu0) + 1
+ λ < 1

Then,
(i) T has a fixed point u ∈ X

(ii) for any u0 ∈ X , the sequence {un} convergs to a fixed point of T
(iii) if u, v ∈ X are two different fixed points of T , then

d(u, v) ≥ max{(b− λ)
6

, 0}.

Corollary 2.7. Let (X, d) be a complete rectangular b− metric space with coefficient b ≥ 1

endowed with a binary relation W on X
and let T : X → X be a nonexpansive mapping such that

bd(Tx, Ty) ≤

(
d(x, Ty) + d(y, Tx) + d(x, T 2y) + d(y, T 2x) + d(Tx, T 2y) + d(Ty, T 2x)

d(x, Tx) + d(y, Ty) + d(x, T 2x) + d(y, T 2y) + d(Tx, T 2x) + d(Ty, T 2y) + 1
+

λ)d(x, y) + Ld(y, Tx)

for all (x, y) ∈ W , where λ ∈ [0, 1)

Assume that:
(a) W is Banach T− invariant.
(b) if {un} is a sequence in X such that (un−1, un) ∈ W for all n ∈ N and un → u ∈ X as

n→∞, then (un−1, u) ∈ W ,∀n ∈ N
(c) F (T ) is well ordered with respect to W .
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If there exists u0 ∈ X such that (u0, Tu0) ∈ W and (2) holds
Then,

(i) T has a fixed point u ∈ X
(ii) for any u0 ∈ X , the sequence {un} converges to a fixed point of T

(iii) if u, v ∈ X are two different fixed points of T , then

d(u, v) ≥ max{(b− L− λ)
6

, 0}.

If we take W = X ×X in Theorems 3.1 and 3.2 we have the following results.

Theorem 2.8. Let (X, d) be a complete rectangular b− metric space with coefficient b ≥ 1

and let T : X → X be a nonexpansive mapping such that
bd(Tx, Ty) ≤

(
d(x, Ty) + d(y, Tx) + d(x, T 2y) + d(y, T 2x) + d(Tx, T 2y) + d(Ty, T 2x) + α

d(x, Tx) + d(y, Ty) + d(x, T 2x) + d(y, T 2y) + d(Tx, T 2x) + d(Ty, T 2y) + β
+ λ)d(x, y)

for all (x, y) ∈ X , where λ ∈ [0, 1), α, β ∈ R+ such that α < β.
If there exists u0 ∈ X such that

(4 + 4b)d(u0, Tu0) + α

(4 + 4b)d(u0, Tu0) + β
+ λ < 1

Then,
(i) T has a fixed point u ∈ X

(ii) for any u0 ∈ X , the sequence {un} converges to a fixed point of T
(iii) if u, v ∈ X are two different fixed points of T , then

d(u, v) ≥ max{β(b− λ) + α

6
, 0}.

Theorem 2.9. Let (X, d) be a complete rectangular b− metric space with coefficient b ≥ 1

and let T : X → X be a nonexpansive mapping such that
bd(Tx, Ty) ≤

(
d(x, Ty) + d(y, Tx) + d(x, T 2y) + d(y, T 2x) + d(Tx, T 2y) + d(Ty, T 2x) + α

d(x, Tx) + d(y, Ty) + d(x, T 2x) + d(y, T 2y) + d(Tx, T 2x) + d(Ty, T 2y) + β
+

λ)d(x, y) + Ld(y, Tx)

for all (x, y) ∈ X , where λ ∈ [0, 1), α, β ∈ R+ such that α < β.
If there exists u0 ∈ X such that

(4 + 4b)d(u0, Tu0) + α

(4 + 4b)d(u0, Tu0) + β
+ λ < 1

Then,
(i) T has a fixed point u ∈ X

(ii) for any u0 ∈ X , the sequence {un} converges to a fixed point of T
(iii) if u, v ∈ X are two different fixed points of T , then

d(u, v) ≥ max{β(b− L− λ)− α
6

, 0}.
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