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Abstract. Let H be an infinite dimensional complex Hilbert space and B(H) be the
space of all bounded linear operators on H . In this paper we give Certain Orthogonality
Conditions for Finite Elementary Operators in Normed Spaces.

1. Introduction

Let H be an infinite dimensional complex Hilbert space and B(H) be the space of all
bounded linear operators on H . In this paper, We consider finiteness of elementary
operators, orthogonality conditions for finite elementary operators and Birkhoff-James
orthogonality for finite elementary operators. The following definitions are fundamental
in the sequel:

Definition 1.1. LetX be a linear space over F .Then a norm onX is a non-negative real-
valued function ‖.‖ : X → R such that ∀ w, z ∈ X and η ∈ F the following properties
are satisfied:

(i). ‖w‖ ≥ 0 and ‖w‖ = 0, if and only if w = 0.
(ii). ‖ηw‖ = |η|‖w‖.

(iii). ‖w + z‖ ≤ ‖w‖+ ‖z‖
The ordered pair (X, ‖.‖) is called a normed space.

Definition 1.2. A Banach space is a complete normed linear space.

Definition 1.3. SupposeZ is a real or complex valued vector space with an inner product
〈., .〉. Then X is an inner product space.

Definition 1.4. A Hilbert space H is a complete inner product space.

Definition 1.5. Two vectors w, z ∈ H are called orthogonal, denoted by w ⊥ z if
〈w, z〉 = 0.

Definition 1.6. Consider a normed space D and let T :D → D. T is said to be an ele-
mentary operator if it can be represented in the following form T (X) = Σn

i=1SiXPi for all
X ∈ D where Si and Pi are fixed in D.
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Example 1.7. Let S = L(Z) for S, P ∈ L(Z) we define particular elementary operator.

(i). The left multiplication operator LS : L(Z)→ L(Z) by LS(X) = SX , ∀ X ∈ L(Z).
(ii). The right multiplication operatorRP : L(Z) → L(Z) by RP (X) = XP , ∀ X ∈

L(Z).
(iii). The generalized derivation by δS,P = LS −RP .
(iv). The basic elementary operator by MS,P (X) = SXP , ∀ X ∈ L(Z).
(iv). The Jordan elementary operator by µS,P (X) = SXP + PXS, ∀ X ∈ L(Z).

Definition 1.8. The range of an operator P : L(H) → L(H) is defined as Ran(T ) =

{y ∈ L(H) : y = T (x) ∀ x ∈ L(H)}.

Definition 1.9. The kernel of an operator T : L(H) → L(H) is defined as Ker(T ) =

{x ∈ L(H) : T (x) = 0 ∀ x ∈ L(H)}.

Definition 1.10. A bounded linear operator S on a Hilbert space H is called finite if
‖I − SX −XS‖ ≥ 1 for each X ∈ L(H).

2. Preliminary Results

In this section, We consider finiteness of elementary operators on normed spaces.

Proposition 2.1. Let Ω be a normed space, then for S ∈ Ω, σp(S) 6= ∅ if S is normaloid.

Proof. Let S ∈ Ω be normaloid, then ‖S‖ = r(S). This implies that there exist λ ∈ σp(S)

such that |λ| = ‖S‖. It is known that σp(S) ⊆ σap(S) ⊆ σ(S). Therefore, σp(S) = σap(S).
But λ is in the boundary of σp(S) and since this is a subset of the approximate point
spectrum of S, we have that λ ∈ σp(S) = σap(S). But for a sequence {xn}n∈N of unit
vectors we have, ‖(S − λI)xn‖ → 0. So 0 ∈ σp(S) and hence σp(S) 6= ∅. �

Proposition 2.2. Every normaloid operator is finite.

Proof. From Proposition 2.1, we have that σp(S) 6= ∅ if S is normaloid. To show that every
normaloid operator is finite, we let S to be a normaloid operator, i.e ‖S‖ = r(S). Hence,
there exist λ ∈ σp(S) such that |λ| = ‖S‖. By definition, an operator S in a normed space
Ω is finite if ‖SX −XS − I‖ ≥ 1, for all X ∈ Ω. But ‖(T − λI)xn‖ → 0 with ‖xn‖ = 1.
Since xn is a normalized sequence we have,

‖SX −XS − I‖ = ‖(S − λI)X −X(S − λI)− I‖

≥ |〈(S − λI)Xxn,xn〉 − 〈X(S − λI)xn,xn〉 − I|

≥ |〈(S − λI)X −X(S − λI)〉xn,xn − I|

≥ |〈(SX −XS)xn,xn〉 − I|

Letting n→∞ we obtain ‖SX −XS − I‖ ≥ 1. �

Lemma 2.3. Let S ∈ Ω be normaloid and So ∈ Ω be norm-attainable such that SSo = SoS.
Then for every η ∈ σp(So), ‖So − (SX −XS)‖ ≥ |η| ∀X ∈ Ω.



Functional Analysis 3

Proof. From [71], if So ∈ Ω is norm-attainable, then it is normal. So, we let η ∈ σp(So)

and Mη be the eigenspace associated with η. Since SSo = SoS, we have SS∗o = S∗oS by
Fulglede Putnam’s theorem [41]. Hence Mη reduces both S and So. According to the
decomposition of H = Mη ⊕M⊥

η , we write S, So and X as follows:

S =

(
S1 0

0 S1

)
, So =

(
η 0

0 S2

)
and X =

(
X1 X2

X3 X4

)
.

we have,

‖So − (SX −XS)‖ =

∥∥∥∥∥
(
η − S1X1 −X1S1 ∗

∗ ∗

)∥∥∥∥∥
≥ ‖η − S1X1 −X1S1‖

≥ |η|
∥∥∥∥S1(

X1

η
)− (

X1

η
)S1

∥∥∥∥
≥ |η|.

�

Lemma 2.4. Every paranormal operator S in a C∗ algebra Ω is finite.

Proof. Let S be a paranormal operator, then S is normal i.e S∗S = SS∗. By Berberian the-
orem, it is known that, there exist a ∗-isometric isomorphism ψ : Ω → Ω that preserves
order; So,

‖S‖2 = ‖SS∗‖ = 1 ≤ ‖(SX −XS)− I‖

≤ ‖ψ(SX −XS)− I‖

≤ ‖ψ(S)ψ(X)− ψ(X)ψ(S)− I‖

If S ∈ Ω is an element of F (H) such that σp(S) 6= ∅ then it results from Proposition 4.2

that ψ(S) ∈ Ω is finite i.e

‖SX −XS − I‖ = ‖ψ(S)ψ(X)− ψ(X)ψ(S)− I‖ ≥ 1.

�

Theorem 2.5. Let S ∈ Ω be norm-attainable. Then J = S + P is finite where P is compact
in a C∗-algebra Ω.

Proof. Let S be norm-attainable, since Ω is a C∗-algebra, it follows that J = S + P is
finite and we have,

‖J‖2 = ‖JJ∗‖ = 1 ≤ ‖(JX −XJ)− I‖

≤ ‖(SX −XS)− I‖

≤ ‖(SX + PP−1 −XS + P−1P )− I‖

≤ ‖(S + P )(X + P−1)− (X + P−1)(S + P )− I‖.

For Y = X +P−1 we have, ‖(S +P )Y − Y (S +P )− I‖ ≥ 1. This proves that J = S +P

is a finite operator. �
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Corollax 2.6. Let S ∈ Ω be log-hyponormal and S∗be p-hyponormal then ‖J − (SX −
XSo)‖ ≥ ‖J‖ for all X ∈ Ω and for all J ∈ kerδS,So .

Proof. If J ∈KerδS,So , then also J ∈KerδS∗S∗o by Putnam-Fuglede’s theorem [41]. There-
fore, SJJ∗ = JS∗o = JJ∗S. Since S is log-hyponormal, JJ∗ is normal and S(JJ∗) =

(JJ∗)S. Since X ∈ Ω, we deduce that

‖J‖2 = ‖JJ∗‖ ≤ ‖JJ∗ − SXJ∗ −XJ∗S‖

≤ ‖JJ∗ − SXJ∗ −XSoJ∗‖

≤ ‖J∗‖‖J − (SX −XSo)‖

This implies that ‖J‖2 = ‖J‖‖J∗‖ ≤ ‖J∗‖‖J − (SX −XSo)‖.
Dividing both sides by ‖J∗‖ we obtain,
‖J‖ ≤ ‖J − (SX −XSo)‖. �

3. Main Results

Remark 3.1. At this point, we characterize finiteness of elementary operators in a general
set up. Let Cn(S, So) be the set of all (S, So) ∈ Ω × Ω such that S and So have an n-
dimensional reducing subspace Jn(S, So) satisfying S | Jn(S, So) = So | Jn(S, So).

Now we characterize finiteness in the cartesian product of Ω×Ω in the next proposition.

Proposition 3.2. Let (S, So) ∈ Cn(S, So). Then ‖(SX −XSo)− I‖ ≥ 1.

Proof. Let S =

(
S1 0

0 0

)
and So =

(
S2 0

0 0

)
be the matrix representation of S and So

respectively relative to the decomposition H = H1 ⊕H⊥1 where H1 is an n-dimensional
reducing subspace of S and So i.e H1 = Jn(S, So). For any operator X on H has a

representation X =

(
X1 0

0 0

)
. Let K =

(
K1 K2

K3 K4

)
, where K = I . If we take

S1X1 −X1S2 = 0, an easy calculation shows that,

‖(SX −XSo)− I‖ =

∥∥∥∥∥
[(

S1X1 0

0 0

)
−

(
X1S2 0

0 0

)]
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
S1X1 −X1S2 0

0 0

)
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(

(S1X1 −X1S2)−K1 K2

K2 K2

)∥∥∥∥∥
≥

∥∥∥∥∥
(
K1 K2

K3 K4

)∥∥∥∥∥
≥ ‖K‖

This implies that ‖(SX−XSo)−I‖ ≥ ‖K‖ but sinceK = I we have, ‖(SX−XS0)−I‖ ≥
‖I‖. Hence ‖(SX −XSo)− I‖ ≥ 1. �
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Proposition 3.3. Let (S, So) ∈ Cn(S, So). Then ‖SXSo − I‖ ≥ 1.

Proof. Let S, So, X and K have the following representation: S =

(
S1 0

0 0

)
, X =(

X1 0

0 0

)
, So =

(
S2 0

0 0

)
, K =

(
K1 K2

K3 K4

)
, where K = I . Let S1X1S2 = 0, it

follows that,

‖SXSo − I‖ =

∥∥∥∥∥
[(

S1 0

0 0

)(
X1 0

0 0

)(
S2 0

0 0

)]
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
S1X1S2 0

0 0

)
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(

(S1X1S2)−K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
K1 K2

K3 K4

)∥∥∥∥∥
≥ ‖K‖

This implies that ‖SXSo − I‖ ≥ ‖K‖ but since K = I we have, ‖SXS0 − I‖ ≥ ‖I‖.
Hence ‖SXSo − I‖ ≥ 1. �

Theorem 3.4. Let (S, So) ∈ Cn(S, So). Then ‖(SXSo + SoXS)− I‖ ≥ 1.

Proof. LetS, So,X , andK have the following representation[decomposition]S =

(
S1 0

0 0

)
,

X =

(
X1 0

0 0

)
, So =

(
S2 0

0 0

)
, K =

(
K1 K2

K3 K4

)
, where K = I and Let S1X1S2 +

S2X1S1 = 0. We show that ‖(SXSo + SoXS)− I‖ ≥ 1. So,

‖(SXSo + SoXS)− I‖ =

∥∥∥∥∥
[(

S1X1S2 0

0 0

)
+

(
S2X1S1 0

0 0

)]
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
S1X1S2 + S2X1S1 0

0 0

)
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(

(S1X1S2 + S2X1S1)−K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
K1 K2

K3 K4

)∥∥∥∥∥
≥ ‖K‖

This implies that ‖(SXSo + SoXS) − I‖ ≥ ‖K‖ but since K = I we have, ‖(SXSo +

SoXS)− I‖ ≥ ‖I‖. Thus ‖(SXSo + SoXS)− I‖ ≥ 1. �

Theorem 3.5. Let (S, So) ∈ Cn(S, So). Then ‖(SXSo + CXCo)− I‖ ≥ 1.
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Proof. Let S, So, C, Co, X , and K have the following representation[decomposition] S =(
S1 0

0 0

)
, X =

(
X1 0

0 0

)
, So =

(
S2 0

0 0

)
,C =

(
C1 0

0 0

)
,Co =

(
C2 0

0 0

)
and

K =

(
K1 K2

K3 K4

)
, where K = I . Let S1X1S2 + C1X1C2 = 0. Then we have,

‖(SXSo + CXCo)− I‖ =

∥∥∥∥∥
[(

S1X1S2 0

0 0

)
+

(
C1X1C2 0

0 0

)]
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
S1X1S2 + C1X1C2 0

0 0

)
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(

(S1X1S2 + C1X1C2)−K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
K1 K2

K3 K4

)∥∥∥∥∥
≥ ‖K‖

This implies that ‖(SXSo + CXCo) − I‖ ≥ ‖K‖ but K = I hence we have, ‖(SXSo +

CXCo)− I‖ ≥ ‖I‖. Thus ‖(SXSo + CXCo)− I‖ ≥ 1. �

Theorem 3.6. Let (S, So) ∈ Cn(S, So). Then ‖
∑n

i=1 SiXCi − I‖ ≥ 1

Proof. Let S, X , So and K have the following representation. Si =

(
S1 0

0 0

)
, X =(

X1 0

0 0

)
,Ci =

(
C1 0

0 0

)
,K =

(
K1 K2

K3 K4

)
, whereK = I . If we take

∑n
i=1 S1X1C1 =

0, it follows that,

‖
n∑
i=1

SiXCi − I‖ =

∥∥∥∥∥
n∑
i=1

[(
S1 0

0 0

)(
X1 0

0 0

)(
C1 0

0 0

)]
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
n∑
i=1

(
S1X1C1 0

0 0

)
−

(
K1 K2

K3 K4

)∥∥∥∥∥
≥

∥∥∥∥∥
(
K1 K2

K3 K4

)∥∥∥∥∥
≥ ‖K‖

This implies that ‖
∑n

i=1 SiXCi − I‖ ≥ ‖K‖ but since K = I we have, ‖
∑n

i=1 SiXCi −
I‖ ≥ ‖I‖. Hence ‖

∑n
i=1 SiXCi − I‖ ≥ 1. �

Remark 3.7. It is known [78] that there exists a compact operator C such that R(δc) =

K(H). As a consequence we deduce that the dist(I,K(H)) = 1, where dist(I,K(H)) is
the distance from I to K(H). Therefore if S, So are compact operators, then
dist(I, R(δS,So)) = 1. The previous corollary shows that Cn(S, So) ⊂ F (H). Hence it is
interesting to pose the following open problem.
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Open problem. Does F (H) ⊂ Cn(S, So)?

3.1. Orthogonality conditions for finite elementary operators. Let Ω denote a Com-
plex Banach algebra with identity e and let σr(Ω), σl(Ω) denote, respectively the right
spectrum and the left spectrum of Ω. Recall that

SnX −XSno =
∑n−i−1

i=0 (SX −XSo)Sio for all X ∈ Ω.

If SJ = JSowe have,

nJSn−1o = SnX −XSno −
∑n−i−1

i=0 Sn−i−1(SX −XSo − J)Sio for all X ∈ Ω.

Proposition 3.8. Let S ∈ Ω,(xn) be an increasing sequence of positive integers and Sxn con-
verge to Z ∈ Ω, with 0not ∈ σr(Z) ∩ σl(Z). If there exist a constant λ such that ‖Sn‖ ≤ λ for
all integers n and if So is the left or right inverse of Z then

λ2‖So‖‖SX −XS − J‖ ≥ ‖J‖ for all X ∈ Ω and for all J ∈ KerδS .

Proof. Let X ∈ Ω, since

nJSn−1o = SnX −XSno −
∑n−i−1

i=0 Sn−i−1(SX −XSo − J)Sio for SJ = JSo.

we can write

(xn + 1)JSxn+1−1 = Sxn+1X −XSxn+1 −
xn+1−i−1∑

i=0

Sxn+1−i−1(SX −XS − J)Si

= Sxn+1X −XSxn+1 −
xn−i∑
i=0

Sxn−i(SX −XS − J)Si

Now the assumption that ‖Sn‖ ≤ λ implies that ‖Sxn+1‖ ≤ λ for all n ∈ Ω.Dividing both
sides by xn + 1 and taking norms we obtain

‖JSxn‖ ≤ 1

xn + 1
‖|Sxn+1|+ |Sxn+1|‖‖X‖+ λ2‖SX −XS − J‖

≤ 2λ

xn + 1
‖X‖+ λ2‖SX −XS − J‖

Letting tend to infinity we obtain

‖JSxn‖ ≤ λ2‖SX −XS − J‖

But Sxn converges to Z, so we have,

‖JZ‖ ≤ λ2‖SX −XS − J‖

Now, since So is in the right or the left of Z we have

‖J‖ ≤ ‖So‖λ2‖SX −XS − J‖.

�

Corollax 3.9. Let S ∈ L(H) and (xn) be an increasing sequence of positive integers. Assume
that there is a constant λ such that ‖Sn‖ ≤ λ for all integers n
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1).If Sxn → P , with 0 ∈ σr(P ) ∩ σl(P ), then λ2‖SX −XS − J‖ ≥ ‖J‖ for all X ∈ L(H)

and for all J ∈ KerδS . 2).If Sxn → P +K, with K compact and 0 ∈ σr(P ) ∩ σl(P ), then
λ2‖SX −XS − J −K‖ ≥ ‖J‖ for all X ∈ L(H) and for all J ∈ KerδS .

Theorem 3.10. Let S ∈ L(H) such that Sn = I for some integer n. Then
λ2‖SX −XS − J‖ ≥ ‖J‖ for all X ∈ Ω and for all J ∈ KerδS .

Proof. Since Sn = {I, S, S2, ...Sm−1} for all integers n, ‖Sn‖ ≤ λ, n ∈ N and Sxn = I ,
where xn = nm, n ∈ N. It is known that

nJSn−1o = SnX −XSno −
∑n−i−1

i=0 Sn−i−1(SX −XSo − J)Sio for allX ∈ Ω.

From proposition 1 we have that

(xn + 1)JSxn+1−1 = Sxn+1X −XSxn+1 −
∑xn+1−i−1

i=0 Sxn+1−i−1(SX −XS − J)Si//
(xn + 1)JSxn = Sxn+1X −XSxn+1 −

∑xn−i
i=0 Sxn−i(SX −XS − J)Si

Dividing both sides by xn + 1 and taking the norms we obtain

‖JSxn‖ ≤ 1

xn + 1
‖|Sxn+1|+ |Sxn+1|‖‖X‖+ λ2‖SX −XS − J‖

≤ 2λ

xn + 1
‖X‖+ λ2‖SX −XS − J‖

Since Sxn = I we have

‖J‖ ≤ 2λ
xn+1
‖X‖+ λ2‖SX −XS − J‖

Letting n tend to infinity,we get

‖J‖ ≤ λ2‖SX −XS − J‖

Hence, ‖J‖ ≤ λ2‖SX −XS − J‖. �

Corollax 3.11. Let S1, So ∈ L(H) such that Sm1 = I and Smo = I for some integer m. Then
‖S1X −XSo − J‖ ≥ ‖J‖ for all X ∈ Ω and for all J ∈ KerδS1,So .

Proof. Consider the operators P , S and Y defined on H ⊕ H P =

(
S1 0

0 So

)
, S =(

0 J

0 0

)
, Y =

(
0 X

0 0

)
then P is normal on H ⊕ H and it is clear that Pm = 1,

PS = SP i.e S ∈ Kerδp. Since PY − Y P =

(
0 S1X

0 0

)
−

(
0 SoX

0 0

)

PY − Y P − S =

(
0 S1X −XSo
0 0

)
−

(
0 J

0 0

)

=

(
0 S1X −XSo − J
0 0

)
�
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Then it follows that
‖PY − Y P − S‖ ≥ ‖S‖

Consequently, we obtain
‖S1X −XSo − J‖ = ‖PY − Y P − S‖ ≥ ‖S‖ = ‖J‖.

Proposition 3.12. Let S, So ∈ F (H). If So ∈ [F (H)]−1 and ‖S‖‖S−1o ‖ ≤ 1, then ‖δS,So +

J‖ ≥ ‖J‖ for all X ∈ F (H) and J ∈ KerδS,So .

Proof. Let J ∈ F (H) such that SJ = JSo. Therefore, SJS−1o = J . But ‖S‖‖S−1o ‖ = 1. It
follows from [] theorem 2.1 that

‖SY So − Y + J‖ ≥ J ∀Y ∈ F (H).

If we set X = Y S−1o then we obtain ‖SX − XSo + J‖ ≥ ‖J‖ ∀Y ∈ F (H) But SX −
XSo=δS,So(X) Hence ‖δS,So(X)+J‖ ≥ ‖J‖ for all J ∈ KerδS,So and for all Y ∈ F (H). �

Remark 3.13. If (J, ‖.‖J) is a norm ideal then the norm ‖.‖J is unitarily invariant in the
sense that ‖SXP‖J = ‖T‖J for all T ∈ J and for all unitary operators.

Corollax 3.14. Let (J, ‖.‖J) be a norm ideal and S, P ∈ L(H).If S is an isometry and the
operator P is a contraction, then

‖δS,P (X) + T‖J ≥ ‖T‖J for all X ∈ J and for all J ∈ KerδS,P .

Proposition 3.15. Let (J, ‖.‖J) be a norm ideal and S ∈ F (H). Suppose that F (S) is a cyclic
subnormal operator , where f is a nonconstant analytic function on an open set containing σ(S).
Then

‖δS(X) + T‖J ≥ ‖T‖J for all X ∈ J and for all J ∈ {S} ∩ J .

Proof. Let T ∈ J such that ST = TS. This implies that Tf(S) = f(S)T and Sf(S) =

f(S)S. Since F (S) is a cyclic subnormal operator, it follows from [.] that S and T are
subnormal. But every subnormal operator is hyponormal [.]. Therefore, T is normal.
Consequently, ST = TS implies that ST ∗ = T ∗S by Putnam-Fuglede Theorem. Hence,
R(T ) and Ker(T )⊥ reduces Sand S |R(T ) and S |Ker(T )⊥ are normal operators. Let Tox =

Tx for each x ∈ Ker(T ), it follows that δS,P (To) = δS∗,P ∗(To) = 0. Let S = S1 ⊕ S2 with
respect to H = R(T )⊕R(T )

⊥
and P = P1⊕P2 with respect to H = Ker(T )⊥⊕Ker(T ).

Then we can write S, T and X as follows S =

(
S1 0

0 0

)
, T =

(
T1 0

0 0

)
andX =(

X1 X2

X3 X4

)
. Then,

‖(SX −XS) + T‖J =

∥∥∥∥∥
(
S1X1 −X1S1 + T1 0

0 0

)∥∥∥∥∥
J

This implies that

‖(SX −XS) + T‖J = ‖S1X1 −X1S1 + T1‖J ≥ ‖T1‖J = ‖T‖J .

Hence, ‖δS(X) + T‖J = ‖δS1(X) + T1‖J ≥ ‖T1‖J = ‖T‖J . �
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Proposition 3.16. LetS, P ∈ F (H) such that the pair (S, P ) possesses thePF (δ, J) property.
Then, ‖δS,P + T‖ ≥ ‖T‖ for all X ∈ J and T ∈ KerδS,P .

Proof. Let T ∈ J , since the pair S, P satisfies PF (δ, J) property. Then R(T ) reduces
S and Ker(T )⊥ reduces Pand S |R(T ) and P |Ker(T )⊥ are normal operators. Let To :

Ker(T )⊥ → R(T ) be the quasi affinity defined by setting Tox = Tx for each x ∈ Ker(T ),
it results that δS,P (To) = δS∗,P ∗(To) = 0. Let S = S1 ⊕ S2 with respect to H = R(T ) ⊕
R(T )

⊥
and P = P1⊕P2 with respect to H = Ker(T )⊥⊕Ker(T ). Let S, P ,T and X have

the following representation. S =

(
S1 0

0 0

)
, P =

(
P1 0

0 0

)
T =

(
T1 0

0 0

)
andX =(

X1 X2

X3 X4

)
. we have,

‖(SX −XP ) + T‖J =

∥∥∥∥∥
(
S1X1 −X1S1 + P1 0

0 0

)∥∥∥∥∥
J

This implies that

‖(SX −XS) + T‖J = ‖S1X1 −X1P1 + T1‖J ≥ ‖T1‖J = ‖T‖J .

Hence, ‖δS,P (X) + T‖J = ‖δS1,P1(X) + T1‖J ≥ ‖T1‖J = ‖T‖J . �

Proposition 3.17. Let S, P ∈ F (H) be normal operators such that SP = PS andS∗S +

P ∗P > 0. For an elementary operator E(X) = SXP − PXS, |‖E(X) + J‖| ≥ |‖J‖| for all
J ∈ KerE.

Proof. Assume that P−1 ∈ L(H), then from SP = PS and SJP = PJS we get,SP−1J =

JP−1S. Hence applying theorem AK [] to the operators SP−1, P−1S and J we get,

‖(SX −XS) + J‖ ≥ ‖SP1PXP − PXP1S + J‖J ≥ ‖J‖J .

Consider now the case when P is injective i.e KerP = 0. Let σn = {λ ∈ C : λ ≤ 1
n
}

and let EP (σn) be the corresponding spectral projector. If we put Pn = I − EP (σn).
The subspace PnH reduces both S and P (since they commute and are normal).Hence

with respect to the decompositionH = (I − Pn)H ⊕ Pn(H) S =

(
0 0

0 S
(n)
1

)
, P =(

0 0

0 P
(n)
1

)
J =

(
J
(n)
11 J

(n)
12

J
(n)
21 J

(n)
22

)
andX =

(
X

(n)
11 X

(n)
12

X
(n)
21 X

(n)
22

)
. It is easy to see that P (n)

1

acting on Pn(H) is invertible. It follows that

|‖SXP − PXS + J‖| ≥ |‖Pn(SXP − PXS + J)Pn‖|

= |S(n)
1 X

(n)
22 P

(n)
1 − P (n)

1 X
(n)
22 S

(n)
1 + J‖|

≥ |‖J22‖| = |‖PnJPn‖|

Therefore we have

|‖SXP − PXS + J‖| ≥ |‖PnJPn‖|

applying Lemma 3[] we obtain
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|‖SXP − PXS + J‖| ≥ |‖J‖|

Now we assume thatKerS ∩KerP = {0}. Let S, P , J and X have the following repre-
sentation with respect to the space decomposition H = KerP ⊕ Ho(Ho 	 KerP ) S =(
S1 0

0 S2

)
, P =

(
0 0

0 P2

)
J =

(
J11 J12

J21 J22

)
andX =

(
X11 X12

X21 X22

)
. Operators S1

and P2 are injective and we have (SXP −PXS) =

(
0 S1X12P2

−P2X21S1 S2X22P2 − P2X22S2

)
Since SJP = PJS = 0, then S2J22P2 = P2J22S2 and S1J12P2 = P2J21S1 = 0 since S1 and
P2 are injective and their ranges are dense. So,

‖SXP − PXS + J‖ =

(
0 S1X12P2

−P2X21S1 S2X22P2 − P2X22S2

)
+

(
J11 J12
J21 J22

)

=

(
J11 S1X12P2

−P2X21S1 S2X22P2 − P2X22S2 + J22

)

Since P2 is injective, we have already shown that |‖S2X22P2 − P2X22S2 + J22‖| ≥ |‖J22‖|
Applying LemmaGK[] and Lemma 2[] we have

|‖S2X22P2 − P2X22S2 + J22‖| ≥

∣∣∣∣∣‖
(
J11 0

0 S2X22P2 − P2X22S2 + J22

)∥∥∥∥∥ |
≥

∣∣∣∣∣‖
(
J11 0

0 J22

)∥∥∥∥∥ | = |‖J‖|
�

Theorem 3.18. Let S, P ∈ L(H) be normal operators such that PS = SP and E(X) =

SXP − PXS. If J ∈ KerE then

|‖E(X) + J‖| ≥ 3−1|‖J‖|
‖E(X) + J‖p ≥ 2|1−

2
P
|‖J‖P

where ‖.‖P is the CP norm and
‖E(X) + J‖22 ≥ ‖J‖22 + ‖E(X)‖22 where ‖J‖22 is the Hilbert Schmidt norm.

Proof. Let S, P , J and X have the following representation with respect to the space
decomposition H = H1 ⊕ H2 where H1 = KerS ∩ KerP ) and H2 = H 	 H1 S =(

0 0

0 S2

)
, P =

(
0 0

0 P2

)
J =

(
J11 J12

J21 J22

)
andX =

(
X11 X12

X21 X22

)
. We have that

KerS2 ∩KerP2 = {0} in H2. Applying Lemma 1 [] and proposition(above) we have

|‖SXP − PXS + J‖| =

∣∣∣∣∣‖
(

0 0

0 S2X22P2 − P2X22S2 + J22

)
+

(
J11 J12

J21 J22

)∥∥∥∥∥ |
=

∣∣∣∣∣‖
(
J11 J12
J21 S2X22P2 − P2X22S2 + J22

)∥∥∥∥∥ |
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≥ |‖S2X22P2 − P2X22S2 + J22‖ |

= 2−1 |‖S2X22P2 − P2X22S2 + J22‖ |

= 2−1 |‖J22‖ |

For us to prove [2] we start with the same inequalities before and then we apply LemmaK[]
twice and proposition[above]. For 1 ≤ P ≤ 2

|‖SXP − PXS + J‖|PP =

∥∥∥∥∥
(

0 0

0 S2X22P2 − P2X22S2 + J22

)
+

(
J11 J12

J21 J22

)∥∥∥∥∥
P

P

=

∥∥∥∥∥
(
J11 J12

J21 S2X22P2 − P2X22S2 + J22 + J22

)∥∥∥∥∥
P

P

= 2p−2(‖J11‖PP + ‖J12‖PP + ‖J21‖PP +

‖S2X22P2 − P2X22S2 + J22 + J22‖PP )

= 2p−2(‖J11‖PP + ‖J12‖PP + ‖J21‖PP + ‖J22‖PP )

= 2p−2‖J‖PP

and for 2 ≤ P <∞ we have

|‖SXP − PXS + J‖|PP =

∥∥∥∥∥
(

0 0

0 S2X22P2 − P2X22S2 + J22

)
+

(
J11 J12

J21 J22

)∥∥∥∥∥
P

P

=

∥∥∥∥∥
(
J11 J12

J21 S2X22P2 − P2X22S2 + J22 + J22

)∥∥∥∥∥
P

P

= 22−P (‖J11‖PP + ‖J12‖PP + ‖J21‖PP +

‖S2X22P2 − P2X22S2 + J22 + J22‖PP )

= 22−P (‖J11‖PP + ‖J12‖PP + ‖J21‖PP + ‖J22‖PP )

= 22−P ‖J‖PP

Hence, ‖SXP − PXS + J‖p ≥ 2|1−
2
P
|‖J‖PP and this proves equation 2 Now if P = 2

equation 2 becomes ‖E(X) + J‖2 ≥ ‖J‖2 and according to Remark 1[]this implies 8 �

4. Conclusion

The main results of finiteness of elementary operators, orthogonality conditions for fi-
nite elementary operators and Birkhoff-James for finite elementary operators have been
given in this paper.

5. Recommendations

The results obtained are specific to finiteness of elementary operators, orthogonality
conditions for finite elementary operators and Birkhoff-James for finite elementary op-
erators in complex normed spaces.
Open problem. Is F (H) ⊂ Cn(S, So) in a general Banach space setting?
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