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Abstract. In this present article, we study some fixed point theorems for self mappings
satisfying certain contraction principles on convex C∗−algebra valued complete metric
space, we also improve some common fixed point theorems for a Banach operator pair on
convex C∗−algebra valued complete metric space.

1. Introduction and preliminaries

Many generalizations of the concept of metric spaces are defined and some fixed point
theorems were proved in these spaces. In particular, C∗−algebra valued metric spaces
were introduced by Ma et al. [7] as a generalization of metric spaces.

In 1970 Takahashi [9] defined convexity and convex metric space to characterize a met-
ric space, and studied some fixed point theorems for nonexpansive mappings in such
spaces. It should be noted that every normed space and cone Banach space is a convex
metric space and convex complete metric space, respectively. Chang, Kim and Jin [3],
Ciric [5] and Shimizu and Takahashi [8], and many others studied fixed point theorems
in convex metric spaces.

In this paper, we study the existence of a fixed point for self- mappings defined on a
nonempty closed convex subset of a C∗−algebra valued convex complete metric space.
Ours results extend some of Karapinar’s results in [6] from a cone Banach space to a C∗−
algebra valued convex complete metric space.

Definition 1.1. [1] Let (X, d) be a metric space and I = [0, 1]. A mappingS : X×X×I →
X is said to be a convex structure on X if for each (x, y, λ) ∈ X ×X × I and u ∈ X

d(u,S(x, y, λ)) ≤ (1− λ)d(u, x) + λd(u, y).

A metric space (X, d) with a convex structure S is called convex metric space and is
denoted by (X,S, d). A subset V ofX is called convex if S(x, y, λ) ∈ V whenever x, y ∈ V
and λ ∈ I .
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Definition 1.2. [1] Let (X, d,S) be a convex metric space. A nonempty subset V of X is
said to be convex if S(x, y, λ) ∈ V whenever (x, y, λ) ∈ V × V × I .

Definition 1.3. [2] Let (X, d,S) be a convex metric space and V be a convex subset of
X . A self-mapping T : V → V has a property (I),

if T (S(x, y, λ)) = S(Tx, Ty, λ) for each (x, y, λ) ∈ V × V × I .

Definition 1.4. [4] The ordered pair (T,R) of two self maps of a metric space (X, d) is
called Banach operator pair if T (Fix(R)) ⊂ Fix(R).

Fix(T ) and Fix(T,R) denote the set of all fixed points of T and common fixed points
of the pair (T,R), respectively.

Throughout this paper, we denote A by an unital (i.e, unity element I) C∗-algebra with
linear involution ∗, such that for all x, y ∈ A,

(xy)∗ = y∗x∗, and x∗∗ = x.

We call an element x ∈ A a positive element, denote it by x � θ,
if x ∈ Ah = {x ∈ A : x = x∗} and σ(x) ⊂ R+, where σ(x) is the spectrum of x.
Using positive element, we can define a partial ordering � on Ah as follows :

x � y if and only if y − x � θ

where θ means the zero element in A. We denote the set {x ∈ A : x � θ} by A+ and
|x| = (x∗x)

1
2 , A′ will denote the set {a ∈ A+; ab = ba,∀b ∈ A}.

In [7], the authors introduced the concept of C∗− algebra valued metric spaces. The
main idea is in using the set of all positive elements of a unitalC∗− algebra instead of set
of real numbers. Such spaces generalize the concept of metric spaces. In this paper, we
give some fixed point theorems for self mappings defined on nonempty closed convex
subset of a convex complete metric space with contractive condition on C∗− algebra
valued convex metric spaces.

Definition 1.5. [7] Let X be nonempty set. Suppose the mapping : d : X × X → A
satisfies the following conditions for each x, y, z ∈ X :

(1) d(x, y) � θ and d(x, y) = θ ⇔ x = y;
(2) d(x, y) = d(y, x);
(3) d(x, z) � d(x, y) + d(y, z).

Then d is called a C∗−algebra-valued metric on X and (X,A, d) is called a C∗−algebra-
valued metric space.

Definition 1.6. [2] Let (X,A, d) be a C∗−algebra valued metric space and I = [0, 1]. A
mapping S : X × X × I → X is said to be a convex structure on X , if ∀x, y ∈ X and
∀λ ∈ I

d(z,S(x, y, λ)) � (1− λ)d(z, x) + λd(z, y),∀z ∈ X (1.1)

(X,A, d) with a convex structure S is called a convex C∗−algebra valued metric space
and is denoted by (X,A, d,S).

A subset V of X is called convex if S(x, y, λ) ∈ V whenever x, y ∈ V and λ ∈ I .
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Example 1.7. Let (X,A, d,S) be a convex C∗−algebra valued metric space with X = R,
A = R2 and d : X ×X → R2 defined by d(x, y) = (|x− y|, 0)

and the mapping S : X ×X × [0, 1]→ X defined by S(x, y, λ) = λx+ (1− λ)y.
We have for all x, y, z ∈ X

|z − S(x, y, λ)| = |z − (λx+ (1− λ)y)|

= |λz − λx+ (1− λ)(z − y)|

≤ |λ(z − x)|+ |(1− λ)(z − y)|

= λ|z − x|+ (1− λ)|z − y|.

Therefore, d(z,S(x, y, λ)) � (1− λ)d(z, x) + λd(z, y).
Then (X,A, d,S) is a convex C∗−algebra valued metric space.

2. Main result

Lemma 2.1. Let (X,A, d,S) be a convex C∗−algebra valued metric space and λ ∈ I , we have

d(x,S(x, y, λ)) = λd(x, y),
d(y,S(x, y, λ)) = (1− λ)d(x, y).

Proof. Using 1.1 we get
d(x,S(x, y, λ)) � λd(x, y)

and
d(y,S(x, y, λ)) � (1− λ)d(x, y)

we also have

d(x, y) � d(x,S(x, y, λ)) + d(S(x, y, λ), y)

⇒ d(x, y) � (1− λ)d(x, y) + λd(x, y)

⇒ d(x, y) = d(x, y).

Then
d(x,S(x, y, λ)) + d(y,S(x, y, λ)) = d(x, y).

Suppose that
d(x,S(x, y, λ)) ≺ λd(x, y)

we obtain
d(x,S(x, y, λ)) + d(S(x, y, λ), y) ≺ d(x, y)

which a contradiction. Therefore d(x,S(x, y, λ)) = λd(x, y) and consequently d(y,S(x, y, λ)) =
(1− λ)d(x, y).

�

Corollary 2.2. Let (X,A, d,S) be a convex C∗−algebra valued metric space, then we have

(1) d(x,S(x, y, λ)) + d(y,S(x, y, λ)) = d(x, y), ∀(x, y, λ) ∈ X ×X × I
(2) d(x,S(x, y, 1

2
)) = d(y,S(x, y, 1

2
)) =

1

2
d(x, y), ∀x, y ∈ X .
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Proof. To prove (1), for any (x, y, λ) ∈ X ×X × I , we have

d(x, y) � d(x,S(x, y, λ)) + d(y,S(x, y, λ))

� (1− λ)d(x, y) + λd(x, y)

= d(x, y).

(2) Let x, y ∈ X , by (1), we have

d(x,S(x, y, 1
2
) � 1

2
d(x, y) =

1

2
d(x,S(x, y, 1

2
)) +

1

2
d(y,S(x, y, 1

2
)).

This implies that
1

2
d(x,S(x, y, 1

2
)) � 1

2
d(y,S(x, y, 1

2
)).

Similarly,
1

2
d(y,S(x, y, 1

2
)) � 1

2
d(x,S(x, y, 1

2
)).

Then, d(x,S(x, y, 1
2
)) = d(y,S(x, y, 1

2
)) =

1

2
d(x, y), ∀x, y ∈ V . �

Theorem 2.3. Let (X,A, d,S) be a convex C∗−algebra valued complete metric space and V
be a nomempty closed convex subset of X . Suppose the mapping T : V → V satisfies:

αd(x, Tx) + βd(y, Ty) + γd(Tx, Ty) � kd(x, y), ∀x, y ∈ V (2.1)

with
2β − |γ| ≤ k < 2(α + β + γ)− |γ|.

Then T has least one fixed point.

Proof. Let x0 ∈ V and define a sequence {xn} by

xn = S(xn−1, Txn−1,
1

2
), ∀n = 1, 2, ... (2.2)

By corollary 2.2 and 2.1 we have for all n ∈ N

d(xn, Txn) = 2d(xn, xn+1) (2.3)

d(xn, Txn−1) = d(xn, xn−1) (2.4)

we get
αd(xn, Txn) + βd(xn−1, Txn−1) + γd(Txn, Txn−1) � kd(xn, xn−1) (2.5)

using 2.3 and 2.4 we obtain

2αd(xn, xn+1) + 2βd(xn, xn−1) + γd(Txn, Txn−1) � kd(xn, xn−1), ∀n ∈ N (2.6)

If γ > 0 we have

2γd(xn, xn+1)− γd(xn, xn−1) � γd(Txn, Txn−1).

Similary, for γ < 0 we have

2γd(xn, xn+1) + γd(xn, xn−1) � γd(Txn, Txn−1), ∀n ∈ N.
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Therefore we have

2γd(xn, xn+1)− |γ|d(xn, xn−1) � γd(Txn, Txn−1), ∀n ∈ N.

Then

2αd(xn, xn+1) + 2βd(xn, xn−1) + 2γd(xn, xn+1)− |γ|d(xn, xn−1) � kd(xn, xn−1), ∀n ∈ N.
(2.7)

⇒ d(xn, xn+1) �
k − 2β + |γ|
2(α + γ)

d(xn, xn−1), ∀n ∈ N.

Since
k − 2β + |γ|
2(α + γ)

∈ [0, 1), then {xn} is a Cauchy sequence in V , there exists u ∈ V such

that limn→∞ xn = u.
By the triangle inequality, we obtain

lim
n→∞

Txn = u

and
αd(u, Tu) + βd(xn, Txn) + γd(Tu, Txn) � kd(u, xn), ∀n ∈ N.

Letting n→∞, we get (α + γ)d(u, Tu) � θ ⇒ Tu = u . �

If we put γ = 0 in Theorem 2.3 we obtain the following corollary.

Corollary 2.4. Let V be a nomempty closed convex subset of a convex C∗−algebra valued
complete metric space (X,A, d,S) and T : V → V a mapping satisfying :

αd(x, Tx) + βd(y, Ty) � kd(x, y), ∀x, y ∈ V

with
2β ≤ k < 2(α + β).

Then T has least one fixed point.

Remark 2.5. If we take α = β = 1 in corollary 2.4 then we obtain the following result
which is a generalization of Karapinar’s results.

Corollary 2.6. Let V be a nomempty closed convex subset of a convex C∗−algebra valued
complete metric space (X,A, d,S) and T : V → V a mapping satisfying

∃k ∈ [2, 4[, ∀x, y ∈ V d(x, Tx) + d(y, Ty) � kd(x, y). (2.8)

Then T has at least one fixed point.

If we take α = β = γ = 1 in Theorem 2.3, we obtain the following result.

Corollary 2.7. Let V be a nomempty closed convex subset of a convex C∗−algebra valued
complete metric space (X,A, d,S) and T : V → V a mapping satisfying

∃k ∈ [2, 5[, ∀x, y ∈ V , d(x, Tx) + d(y, Ty) + d(Tx, Ty) � kd(x, y). (2.9)

Then T has at least one fixed point.
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Theorem 2.8. Let V be a nomempty closed convex subset of a convexC∗−algebra valued com-
plete metric space (X,A, d,S) and T : V → V a mapping satisfying: ∀x, y ∈ V , k ∈ [0, 1).

d(Tx, Ty) � k max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}. (2.10)

Then T has a unique fixed point.

Proof. Let x0 ∈ V and define a sequence {xn} by

xn = S(xn−1, Txn−1, λn−1), and λn−1 ∈ [0, 1) ∀n = 1, 2, ... (2.11)

d(xn, xn+1) = d(xn,W (xn, Txn, λn))

� (1− λn)d(xn, Txn)

and

d(xn, Txn) � d(xn, Txn−1) + d(Txn−1, Txn)

� d(S(xn−1, Txn−1, λn−1), Txn−1) + kmax{d(xn−1, xn), d(xn−1, Txn−1),

d(xn, Txn), d(xn−1, Txn), d(xn, Txn−1)}

� λn−1d(Txn−1, xn−1) + kmax{(1− λn−1)d(xn−1, Txn−1),

d(xn−1, Txn−1), d(xn, Txn), d(xn−1, Txn), d(xn, Txn−1)}

� λn−1d(Txn−1, xn−1) + kmax{d(xn−1, Txn−1),

d(xn, Txn), d(xn−1, xn) + d(xn, Txn), d(S(xn−1, Txn−1, λn−1), Txn−1)}

� λn−1d(Txn−1, xn−1) + kmax{d(xn−1, Txn−1),

d(xn, Txn), (1− λn−1)d(xn−1, Txn−1) + d(xn, Txn), λn−1d(xn−1, Txn−1)}

� λn−1d(Txn−1, xn−1) + kmax{d(xn−1, Txn−1),

(1− λn−1)d(xn−1, Txn−1) + d(xn, Txn)}

� λn−1d(Txn−1, xn−1) + kmax{d(xn−1, Txn−1),

d(xn−1, Txn−1) + d(xn, Txn)}

= (λn−1 + k)d(xn−1, Txn−1) + kd(xn, Txn).

⇒ d(xn, Txn) �
λn−1 + k

1− k
d(xn−1, Txn−1) (2.12)

⇒ {d(xn, xn−1)} is a decreasing non negative real numbers sequence.
Therefore, ∃ t � θ such that limn→∞ d(xn, Txn) = t.
We claim that t = θ. Suppose that t � θ. Letting n→∞ in 2.12, we obtain t ≺ t which

is a contradiction, hence t = θ, then limn→∞ d(xn, Txn) = θ.
Now we shall show that {xn} is a Cauchy sequence in X .
Let m,n ∈ N such that m > n. Then

d(xm, xn) � d(xm, xn+1) + d(xn+1, xn)
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and

d(xm, xn+1) = d(S(xm−1, Txm−1, λm−1), xn+1)

� λm−1d(xm−1, xn+1) + (1− λm−1)d(Txm−1, xn+1)

� λm−1d(xm−1, xn+1) + (1− λm−1)[d(Txm−1, Txn+1) + d(Txn+1, , xn+1)]

� λm−1d(xm−1, xn+1) + (1− λm−1)kmax{d(xm−1, xn+1), d(xm−1, Txm−1),

d(xn+1, Txn+1), d(xm−1, Txn+1), d(xn+1, Txm−1)}+ (1− λm−1)d(Txn+1, xn+1)

� λm−1[d(xm−1, xn) + d(xn, xn+1)] + (1− λm−1)kmax{d(xm−1, xn+1),

d(xm−1, Txm−1), d(xn+1, Txn+1), d(xm−1, Txn+1), d(xn+1, Txm−1)}+

(1− λm−1)d(Txn+1, xn+1)

� λm−1[d(xm−1, xn) + d(xn, xn+1)] + (1− λm−1)kmax{d(xm−1, xn)+

d(xn, xn+1), d(xm−1, Txm−1), d(xn+1, Txn+1), d(xm−1, Txn+1), d(xn+1, xm−1)

+ d(xm−1, Txm−1)}+ (1− λm−1)d(Txn+1, xn+1)

� λm−1[d(xm−1, xn) + d(xn, xn+1)] + (1− λm−1)kmax{d(xn+1, Txn+1),

d(xn+1, xm−1) + d(xm−1, Txm−1)}+ (1− λm−1)d(Txn+1, xn+1)→ θ, (n, m→∞).

Thus {xn} is a Cauchy sequence in V , and by completeness of V , ∃u ∈ V such that
limn→∞ d(xn, u) = θ.

Now we verify that u is a fixed point of T .

d(u, Tu) � d(u, xn) + d(xn, Tu)

� d(u, xn) + d(xn, Txn) + d(Txn, Tu)

� d(u, xn) + d(xn, Txn) + kmax{d(xn, u), d(xn, Txn), d(u, Tu), d(u, Txn), d(xn, Tu)}

� d(u, xn) + d(xn, Txn) + kmax{d(xn, u), d(xn, Txn), d(u, Tu), d(u, xn) + d(xn, Txn),

d(xn, Txn) + d(Txn, Tu)}

� d(u, xn) + d(xn, Txn) + kmax{d(u, Tu), d(u, xn) + d(xn, Txn),

d(xn, Txn) + d(Txn, Tu)}.

Letting n→∞, we get

d(u, Tu) � kd(u, Tu) ≺ d(u, Tu)⇒ u = Tu.

Hence u is a fixed point of T .
If v ∈ X such that Tv = v, then

d(u, v) = d(Tu, Tv) � k max{d(u, v), du, Tu), d(v, Tv), d(u, Tv), d(v, Tu)}

� kd(u, v)

≺ d(u, v)

that is a contradiction. Hence, u = v.
�

Following is corresponding result for Chatterjea type contraction in convex C∗− al-
gebra valued metric space.
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Theorem 2.9. Let (X,A, d,S) be a convex C∗−algebra valued complete metric space. A self
map T : X → X satisfies:

d(Tx, Ty) � k[d(x, Ty) + d(y, Tx)]

for all x, y ∈ X and k ∈ [0,
1

2
). Then T has a unique fixed point.

Proof. Let x0 ∈ V and define a sequence {xn} by

xn = S(xn−1, Txn−1, λn−1), and λn−1 ∈ [0, 1) ∀n = 1, 2, ... (2.13)

d(xn, xn+1) = d(xn,S(xn, Txn, λn))

� (1− λn)d(xn, Txn)

and

d(xn, Txn) � d(xn, Txn−1) + d(Txn−1, Txn)

� d(S(xn−1, Txn−1, λn−1), Txn−1) + k[d(xn−1, Txn) + d(xn, Txn−1)]

� λn−1d(Txn−1, xn−1) + kd(xn−1, xn) + kd(xn, Txn) + kd(xn, xn−1)

+ kd(xn−1, Txn−1)

� (k + λn−1)d(xn−1, Txn−1) + 2kd(xn−1, xn) + kd(xn, Txn)

⇒ d(xn, Txn) �
λn−1 + k

1− k
d(xn−1, Txn−1) +

2k

1− k
d(xn−1, xn) (2.14)

� λn−1 + k

1− k
d(xn−1, Txn−1) +

2k

1− k
(1− λn−1)d(xn−1, Txn−1) (2.15)

� 3k − λn−1
1− k

d(xn−1, Txn−1) (2.16)

for all n ∈ N,
3k − λn−1
1− k

∈ [0, 1), and hence {xn} is a contraction sequence in V . There-
fore, it is a Cauchy sequence. Since V is a closed subset of a complete space, there ∃u ∈ V
such that limn→∞d(xn, u) = θ.

Now we verify that u is a fixed point of T ,

d(u, Tu) � d(u, xn) + d(xn, Tu)

� d(u, xn) + d(xn, Txn) + d(Txn, Tu)

� d(u, xn) + d(xn, Txn) + k[d(xn, Tu) + d(u, Txn)]

� d(u, xn) + d(xn, Txn) + k[d(xn, u) + d(u, Tu) + +d(u, xn) + d(xn, Txn)].

Letting n→∞, we get

d(u, Tu) � kd(u, Tu) ≺ d(u, Tu)⇒ u = Tu.

Hence u is a fixed point of T .
Now if x 6= y is another fixed point of T , then

d(x, y) � k[d(x, y) + d(y, x)] � 2kd(x, y)
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since k ∈ [0,
1

2
), then d(x, y) ≺ d(x, y).

Hence x = y. Therefore, the fixed point is unique and the proof is complete. �

Theorem 2.10. Let (X,A, d,S) be a convex C∗−algebra valued complete metric space and V
be a nonempty closed convex subset of X . Suppose T,R : V → V are self-mappings of V and
there exist α, β, γ, k such that:

αd(Rx, Tx) + βd(Ry, Ty) + γd(Tx, Ty) � kd(Rx,Ry), ∀x, y ∈ V (2.17)

with
2β − |γ| ≤ k < 2(α + β + γ)− |γ|. (2.18)

If (T,R) is a Banach operator pair, R has the property (I) and Fix(R) is a nonemty closed
subset of V , then Fix(T,R) is nonemty.

Proof. From 2.17, we obtain

αd(x, Tx) + βd(y, Ty) + γd(Tx, Ty) � kd(x, y) (2.19)

for all x, y ∈ Fix(R).
Fix(R) is convex because R has the property (I). From Theorem 2.3, we obtain that

Fix(T,R) is nonempty. �
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