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ABSTRACT. In this present article, we study some fixed point theorems for self mappings
satisfying certain contraction principles on convex C*—algebra valued complete metric
space, we also improve some common fixed point theorems for a Banach operator pair on
convex C*—algebra valued complete metric space.

1. INTRODUCTION AND PRELIMINARIES

Many generalizations of the concept of metric spaces are defined and some fixed point
theorems were proved in these spaces. In particular, C*—algebra valued metric spaces
were introduced by Ma et al. [7] as a generalization of metric spaces.

In 1970 Takahashi [9] defined convexity and convex metric space to characterize a met-
ric space, and studied some fixed point theorems for nonexpansive mappings in such
spaces. It should be noted that every normed space and cone Banach space is a convex
metric space and convex complete metric space, respectively. Chang, Kim and Jin [3],
Ciric [5] and Shimizu and Takahashi [8], and many others studied fixed point theorems
in convex metric spaces.

In this paper, we study the existence of a fixed point for self- mappings defined on a
nonempty closed convex subset of a C*—algebra valued convex complete metric space.
Ours results extend some of Karapinar’s results in [6] from a cone Banach space toa C*—
algebra valued convex complete metric space.

Definition 1.1. [1]Let (X, d) be ametric spaceand I = [0, 1]. A mapping S : X x X xI —
X is said to be a convex structure on X if for each (z,y,\) € X x X x Iandu € X

d(u,S(x,y,\)) < (1 = Nd(u,z) + Ad(u,y).

A metric space (X, d) with a convex structure S is called convex metric space and is
denoted by (X, S, d). A subset V of X is called convex if S(x,y, A) € V wheneverz,y € V
and \ € I.
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Definition 1.2. [1] Let (X, d,S) be a convex metric space. A nonempty subset V of X is
said to be convex if S(x,y, \) € V whenever (z,y,\) € V x V x I.

Definition 1.3. [2] Let (X, d,S) be a convex metric space and V be a convex subset of
X. A self-mapping T': V — V has a property (1),
it T(S(z,y,\)) =S(Tx, Ty, \) for each (z,y,\) € V x V x I.

Definition 1.4. [4] The ordered pair (7, R) of two self maps of a metric space (X, d) is
called Banach operator pair if T'(Fiz(R)) C Fixz(R).

Fiz(T) and Fiz(T, R) denote the set of all fixed points of 7" and common fixed points
of the pair (7, R), respectively.

Throughout this paper, we denote A by an unital (i.e, unity element I) C*-algebra with
linear involution *, such that for all z,y € A,

(xy)* = y*x*, and 2™ = x.

We call an element = € A a positive element, denote it by z > 6,

ifre A, ={reA:2=2"}and o(z) C Ry, where o(z) is the spectrum of z.

Using positive element, we can define a partial ordering < on A, as follows :

x <yifandonlyify —x > 0
where 6 means the zero element in A. We denote the set {x € A : x > 0} by A, and
x| = (z*z)2, A’ will denote the set {a € A, ;ab = ba,Vb € A}.

In [7], the authors introduced the concept of C*— algebra valued metric spaces. The
main idea is in using the set of all positive elements of a unital C*— algebra instead of set
of real numbers. Such spaces generalize the concept of metric spaces. In this paper, we
give some fixed point theorems for self mappings defined on nonempty closed convex
subset of a convex complete metric space with contractive condition on C*— algebra
valued convex metric spaces.

Definition 1.5. [7] Let X be nonempty set. Suppose the mapping:d : X x X — A
satisfies the following conditions for each z, y, z € X :

(1) d(z,y) = @ and d(z,y) = 0 < = =y,

(2) d(z,y) = dly, z);

(3) d(z,z) = d(x,y) + d(y, z).
Then d is called a C*—algebra-valued metric on X and (X, A, d) is called a C*—algebra-
valued metric space.

Definition 1.6. [2] Let (X, A, d) be a C*—algebra valued metric space and I = [0,1]. A
mapping S : X x X x I — X is said to be a convex structure on X, if Vz,y € X and
vael

d(z,S8(x,y,\)) = (1 = N)d(z,2) + Md(z,y),Vz € X (1.1)
(X, A, d) with a convex structure S is called a convex C*—algebra valued metric space
and is denoted by (X, A, d,S).
A subset V of X is called convex if S(z,y,\) € V whenever z,y € V and A € I.
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Example 1.7. Let (X, A, d,S) be a convex C*—algebra valued metric space with X = R,
A=R?and d: X x X — R? defined by d(z,y) = (|]z — y|,0)
and the mapping S : X x X x [0,1] — X defined by S(z,y,\) = Az + (1 — \)y.
We have forall z,y,z € X
|2 =S(@,y, )] = |z — (Az+ (1 = A)y)|
=Xz=dz+(1-XN)(z—vy)
<Az —2)|+ 11 = A)(z —y)
=ANz—z|+ (1 —-N)|z—yl
Therefore, d(z, S(z,y,\)) < (1 = N)d(z,z) + Ad(z,y).
Then (X, A, d,S) is a convex C*—algebra valued metric space.

2. MAIN RESULT

Lemma 2.1. Let (X, A, d,S) be a convex C*—algebra valued metric space and A € I, we have
Az, S(z, 9, \) = Ad(z, y),
d(y, S(z,y,A)) = (1 = N)d(z,y).
Proof. Using 1.1 we get
d(z, 8(x,y, A) = Ad(z,y)
and
d(y, S(z,y,A)) = (1 = N)d(z,y)

we also have

d(z,y) 2 d(z,S(x,y,\)) +d(S(z,y,\),y)

= d(x,y) 2 (1 = Nd(z,y) + Ad(z,y)
Yy

Then
d(z, 8(x,y, A) +d(y, S(x,y,\)) = d(z,y).
Suppose that
d(xz,S(x,y,\)) < Ad(z,y)
we obtain
d(x, 8(x,y, A) +d(S(z,y,A),y) < d(z,y)

which a contradiction. Therefore d(x, S(z,y, \)) = Ad(z,y) and consequently d(y, S(z,y, \)) =
U
Corollary 2.2. Let (X, A, d,S) be a convex C*—algebra valued metric space, then we have
(1) d(z,8(z,y,A)) + d(y,S(z,y, ) = d(z,y), V(z,y,A) € X x X x|

@ d(r.8(z,9, 5) = dly,S(z. . 5)) = 5dl.y), ¥y € X.
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Proof. To prove (1), for any (z,y,\) € X x X x I, we have
d(z,y) 2 d(z,S(z,y, A) + d(y, S(x, y,N))
= d(z,y).
(2) Let z,y € X, by (1), we have

1 1 1 1 1 1
) — - - ).
d(x,S(z,y, 5) = 5d(w,y) = 5d(2,S(z,y, 5)) + 5d(y, S(z,y, 7))
This implies that
S5, 5(2,y, ) % 3.5,y 3)
2 x? .CL" y? 2 — 2 y? x? y? 2 *
Similarly,
1 1 1 1
- ))<= =),
5y, S(a,y, ) = 5dle, (2,9, 5))
1 1 1
Then, d(z, S(z,y, 5)) =d(y,S(z,y, 5)) = §d(x,y), Va,y € V.

g

Theorem 2.3. Let (X, A, d,S) be a convex C*—algebra valued complete metric space and V

be a nomempty closed convex subset of X. Suppose the mapping T : V — V satisfies:

ad(x, Tx) + Bd(y, Ty) + vd(Tx, Ty) X kd(z,y), Yr,y €V
with
26—yl <k <2@+pf+7) =l
Then T has least one fixed point.

Proof. Let xy € V and define a sequence {z,} by

1
Ty = S(.Z'nfl,Tl’nfl, 5), Vn = 1, 2,
By corollary 2.2 and 2.1 we have foralln € N

d(xy, Tzy) = 2d(xp, Tpat)

d(xp, Txy 1) = d(Tp, Tp1)
we get
ad(z,, Try,) + d(wp_1, Txn_1) +yd(Txp, Txp_1) 2 kd(zp, Th1)
using 2.3 and 2.4 we obtain
20d(Tp, Tpy1) + 20d(xp, Tpo1) + yd(Txy, TTp1) = kd(zp, 240-1), Vn € N
If v > 0 we have
29d(xp, Tpi1) — YA, 1) 2 Yd(Txp, TTpq).
Similary, for v < 0 we have

2yd(xp, Tpi1) + yd(2n, 1) 2 yd(Txy, Txp_1), VYn € N.

(2.1)
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Therefore we have
2vd(xp, Tpi1) — |Y|d(xn, 2p—1) X ¥d(Txp, Txy1), ¥n € N.
Then

QOZd(ZEn, xn—&—l) + 25d(xna mn—l) + Q’Yd(l’n, mn-i—l) - |7|d(l’na l‘n—l) j kd(l‘na xn—l)a Vn € N.

(2.7)
k—28+ ]y
= d(Tp, Tny1) 2 —————d(Tn, Tp1), Yn € N.
(T, Tra1) ot (Tn, Tp1), Vn €
. k=284 . : :
Since € [0,1), then {x,} is a Cauchy sequence in V, there exists u € V such

2(a+7)
that lim,, oo T, = .

By the triangle inequality, we obtain

lim Tz, = u

n—r00
and

ad(u, Tu) + Bd(zy,, Tx,) + vd(Tu, Tx,) = kd(u, z,), Vn € N.
Letting n — oo, we get (v + y)d(u,Tu) <0 = Tu=u. O

If we put v = 0 in Theorem 2.3 we obtain the following corollary.

Corollary 2.4. Let V be a nomempty closed convex subset of a convex C*—algebra valued
complete metric space (X, A,d,S) and T : V — V a mapping satisfying :

ad(z, Tz) + Bd(y, Ty) < kd(z,y), Vz,y€V

with
260 <k <2(a+p5).

Then T has least one fixed point.

Remark 2.5. If we take &« = = 1 in corollary 2.4 then we obtain the following result
which is a generalization of Karapinar’s results.

Corollary 2.6. Let V be a nomempty closed convex subset of a convex C*—algebra valued
complete metric space (X,A,d,S) and T : V — V a mapping satisfying

dk € 2,4, Vo,y € Vd(z,Tz) + d(y, Ty) < kd(x,y). (2.8)
Then T has at least one fixed point.
If we take « = 8 = v = 1 in Theorem 2.3, we obtain the following result.

Corollary 2.7. Let V be a nomempty closed convex subset of a convex C*—algebra valued
complete metric space (X, A,d,S) and T : V — V a mapping satisfying

Jk € [2,5], Ve,y € V, d(z,Tz) + d(y, Ty) + d(Tx, Ty) < kd(z,y). (2.9)

Then T has at least one fixed point.
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Theorem 2.8. LetV be a nomempty closed convex subset of a convex C*—algebra valued com-
plete metric space (X,A,d,S)and T : V — V a mapping satisfying: Vz,y € V, k € [0,1).

d(Tz, Ty) = k maz{d(z,y),d(x,Tz),d(y, Ty),d(x, Ty),d(y, Tz)}. (2.10)

Then T has a unique fixed point.

Proof. Let xy € V and define a sequence {z,} by

Ty =8@p_1,TTn_1,\n—1), and A,—1 € [0,1)Vn =1,2, ... (2.11)

d(.Tn, xn—i—l) = d(ﬂ?n, W(l‘n, T-Tnv )\n))
=< (1= \y)d(zp, Txy,)

and

d(xp, Tx,) 2 d(zp, Tay—1) + d(Txp_1,T,)
d(S(xp—1,Txp-1, 1), Txpn_1) + kmax{d(x,_1, ), d(Tn_1, TTy_1),
ny Txy), d(xn_1, Txy), d(zn, T, 1)}
Mo1d(Txy 1, 2n1) + kmaz{(1 — \y_1)d(xy_1, Ty 1),
d(xy1,Trp 1), d(xn, Txy), d(xn_1,T2y), d(zn, Ty 1)}
< M1d(Txp 1, 2p-1) + kmaz{d(x,_1, Tx,_1),
ny Ty), d(xn—1, 20) + d(xp, Txy), d(S(xp—1, Txn_1, \n-1), Tpn—_1)}
A1d(Txy 1, p_1) + kmaz{d(z,_1, TTm_1),
d(xp, Txy), (1 = Xp_1)d(xp—1, Txp 1) + d(xy, Txy), A\p_1d(xp—1, TTp_1)}
<M1 d(Txp 1,20 1) + kmax{d(x,_1, Tx, 1),
(1 —Xp)d(xy1, Txp 1) + d(x,, Tx,)}
< M1d(Txp 1, 2p-1) + kmaz{d(x,_1, Tx,_1),
d(xp_1,Txp1) +d(x,, Tz,)}
=M1+ R)d(xy1, Txn 1) + kd(zp, Ty).

S
IAQIA

U
o)

An-1+ k

1—-k
= {d(x,,x,_1)} is a decreasing non negative real numbers sequence.

Therefore, 3 ¢ = 6 such that lim,, . d(x,, Tz,) = t.

We claim that ¢ = . Suppose that ¢ > . Letting n — 0o in 2.12, we obtain ¢ < ¢ which
is a contradiction, hence ¢ = 0, then lim,, ., d(z,, Tx,) = 6.

= d(x,, Tx,) < d(xp_1,Tx, 1) (2.12)

Now we shall show that {x,} is a Cauchy sequence in X.
Let m,n € N such that m > n. Then

d(fL‘m, 'rn) j d(fEm, xn—s—l) + d(xn-i-la l‘n)
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and

AT, Tpt1) = A(S(Tm—1, TTm—1, Am—1)s Tnt1)
= Am—1d(@m—1,Tn+1) + (1 = An—1)d(TT -1, Tpt1)
< Am—1d(Tm—1,2n+1) + (1 = A1) [d(T -1, TTps1) + A(Tpi1, , Tnt1)]
= Am—1d(@m—1,Tn+1) + (1 = Ap—1)kmaz{d(zm—1, Tn+1), d(Xm—1, TTm—_1),
d(xpt1, Tops1), d(@m—1,TTn+1), A(Tnt1, TTm—1)} + (1 = A1) d(TTpt1, Try1)
= Am—1[d(@m—1,%n) + d(Tn, Tny1)] + (1 = Ap—1) kmaz{d(zm—1, Tn+1),
d(xm—1,Txm-1), d(Tn+1, TTns1), d(Tm—1, TTnt1), d(Tps1, TTm—1)}+
(1 = Am-1)d(Tzn11, Tnt1)
= Am—1[d(@m—1, %) + d(@n, Trg1)] + (1 = Am—1)kmaz{d(zm—1, 2n)+
d(Tpn, Tnt1), A Tm—1, TTm-1), d(Tn+1, TTnt1), d(Tm—1, TTnt1), d(Tpt1, Tm—1)
+d(@m—1,Txm-1)} + (1 = Ap—1)d(TTp+1, Tnt1)
= Am—1ld(@m—1,xn) + d(@n, Tni1)] + (1 = Np—1) kmaz{d(zns+1, TTni1),
d(pt1, Tm—1) + d(@m—1,Txm-1)} + (1 = Ap—1)d(Txpt1, Tnt1) — 6, (n, m — 00).
Thus {z,} is a Cauchy sequence in V, and by completeness of V, Ju € V such that

limy, 00 d(xy,, u) = 0.
Now we verify that u is a fixed point of 7.

d(u, Tu) < d(u,zy,) + d(xn, Tu)
< d(u, ) + d(xp, Tay) + d(Txy, Tu)
= d(u, zp) + d(xy, Txy) + kmaz{d(zy, uw), d(zy, Tzy), d(u, Tu), d(u, Tzy,), d(xe, Tu)}
= d(u,zp) + d(xy, Txy) + kmaz{d(zy, uw), d(zn, Tzy), d(u, Tu), d(u, x,) + d(zyn, Tzy),
d(xp, Txp) + d(Txy, Tu)}
< d(u,xp) + d(zp, Tay) + kmaz{d(u, Tu),d(u, x,) + d(xy, Tx,),
d(@n, Trn) + d(T2n, Tu)}

Letting n — oo, we get
d(u, Tu) = kd(u, Tu) < d(u,Tu) = u = Tu.

Hence v is a fixed point of 7.
If v € X such that Tv = v, then

d(u,v) = d(Tu, Tv) < k maz{d(u,v), du, Tu),d(v,Tv),d(u, Tv),d(v, Tu)}
= kd(u,v)
=< d(u,v)

that is a contradiction. Hence, u = v.
]

Following is corresponding result for Chatterjea type contraction in convex C*— al-
gebra valued metric space.
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Theorem 2.9. Let (X, A,d,S) be a convex C*—algebra valued complete metric space. A self
map T : X — X satisfies:

d(Tz,Ty) = kld(z, Ty) + d(y, Tz)]
1
forallz,y € X and k € [0, 5) Then T has a unique fixed point.
Proof. Let xy € V and define a sequence {z,} by

Tp=8Tn 1,TTn 1, 1), and \,_1 €10,1)Vn=1,2, ... (2.13)

(@, Tpy1) = d(xn, S(zn, T2y, \y))
= (1= X\y)d(zp, Txy)

and
d(xp, Tx,) 2 d(zp, Ty 1) + d(Txp_1,T,)
j d(8<xn—17 Txn—lv >\n—1>7 Tmn—l) + k[d(In—la Txn) + d(l’n, Txn—l)]
j /\n—ld(Txn—ly xn—l) + kd(l‘n—la xn) + k?d(l’n, Txn) + kd(xna xn—l)
+ kd(xn—la Txn—l)
= (k+ M1)d(xy—1, Txp—1) + 2kd(xy—1, xp) + kd(zy, Txp,)
A1+ k k
= d(z,, Tx,) < %d(mn_l, T, 1)+ de(a:n_l,mn) (2.14)
A1+ k 2k
j 1—+d(xn 1, Ta:n 1) + —(1 - )\nfl)d(mnflaTxnfl) (215)
1—k 1—k
k— M
<N A g T ) 2.16
1—k
3k — A1 ) ) .
foralln e N, ———— € [0,1), and hence {z,} is a contraction sequence in V. There-

1—k
fore, it is a Cauchy sequence. Since V is a closed subset of a complete space, there Ju € V

such that lim,, . d(z,,u) = 6.
Now we verify that u is a fixed point of T,

d(u, Tu) = d(u,x,) + d(z,, Tu)
= d(u, z,) + d(zp, Tx,) + d(Tz,, Tu)
< d(u,x,) + d(xn, Tzy) + kld(x,, Tu) + d(u, Tx,)]
= d(u,x,) + d(zy, Try) + k[d(z,, w) + d(u, Tu) + +d(u, z,) + d(x,, Tx,,)].

Letting n — oo, we get
d(u,Tu) = kd(u, Tu) < d(u,Tu) = u=Tu.

Hence u is a fixed point of 7.
Now if x # y is another fixed point of T', then

d(z,y) 2 kld(z,y) + d(y,r)] = 2kd(z,y)
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1
since k € [0, 5), then d(z,y) < d(x,y).

Hence x = y. Therefore, the fixed point is unique and the proof is complete. O

Theorem 2.10. Let (X, A, d, S) be a convex C*—algebra valued complete metric space and V
be a nonempty closed convex subset of X. Suppose T, R : V — V are self-mappings of V and
there exist v, 3, =y, k such that:

ad(Rz, Tx) + Bd(Ry, Ty) + vd(Tz, Ty) < kd(Rz, Ry), Vx,y € V (2.17)
with
28—y <k<2a+B8+7) — |y (2.18)
If (T, R) is a Banach operator pair, R has the property (I) and Fiz(R) is a nonemty closed
subset of V, then Fix(T, R) is nonemty.

Proof. From 2.17, we obtain
ad(z, Tz) + Bd(y, Ty) + vd(Tz, Ty) =2 kd(z,y) (2.19)

forall z,y € Fiz(R).
Fiz(R) is convex because R has the property (/). From Theorem 2.3, we obtain that
Fixz(T, R) is nonempty. O

3. ACKNOWLEDGMENTS

It is our great pleasure to thank the referee for his careful reading of the paper and for
several helpful suggestions.

REFERENCES

[1] R.P. Agarwal, D. O’Regan, D.R. Sahu Fixed point theory for Lipschitzian-type mappings with appli-
cations, Topological Fixed Point Theory and its Applications, vol. 6, Springer, New York (2009).

[2] 1. Beg, M. Abbas, Common fixed points and best approximation in convex metric spaces, Soochow J.
Math. 33 (2007), 729-738.

[3] S.S. Chang, J.K. Kim, D.S. Jin, Iterative sequences with errors for asymptotically quasi nonexpansive
mappings in convex metric spaces, Arch. Inequal. Appl. 2 (2004), 365-374.

[4] J. Chen, Z. Li, Common fixed-points for Banach operator pairs in best approximation, J. Math. Anal.
Appl. 336 (2007), 1466-1475.

[5] L. Ciri¢, On some discontinuous fixed point mappings in convex metric spaces, Czechoslovak Math.
J. 43 (1993), 319-326.

[6] E. Karapinar, Fixed point theorems in cone Banach spaces, Fixed Point Theory Appl. 2009 (2009),
609281.

[7] Z.Ma, L. Jiang, H. Sun, C*-Algebra valued metric spaces and related fixed point theorems, Fixed Point
Theory Appl. 2014 (2014), 206.

[8] T.Shimizu, W. Takahashi, Fixed point theorems in certain convex metric spaces, Math. Jpn. 37 (1992),
855-859.

[9] T. Takahashi A convexity in metric spaces and nonexpansive mapping I. Kodai Math. Semin. Rep. 22
(1970), 142-149.



	1. Introduction and preliminaries
	2. Main result
	3. Acknowledgments
	References

