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Abstract. Frame Theory has a great revolution for recent years. This theory has been
extended from Hilbert spaces to Hilbert C∗-modules. In this paper, we introduce the
concept of Controlled ∗-K-operator frame for the space End∗A(H) of all adjointable op-
erators on a Hilbert A-moduleH and we establish some results.

1. Introduction and preliminaries

In 1946, Gabor [8] introduced a method for reconstructing functions (signals) using a
family of elementary functions. Later in 1952, Duffin and Schaeffer [6] presented a similar
tool in the context of nonharmonic Fourier series and this is the starting point of frame
theory. After some decades, Daubechies, Grossmann and Meyer [4] in 1986 announced
formally the definition of frame in the abstract Hilbert spaces.

Controlled frames in Hilbert spaces have been introduced by P. Balazs [2] to improve
the numerical efficiency of iterative algorithms for inverting the frame operator.

In this paper, we define and study the notion of controlled ∗-K-operator frames for
End∗A(H), to consider the relation between ∗-K-operator frames and controlled ∗-K-
operator frames in a given Hilbert C∗-module and we establish some results.

In the following, we briefly recall the definitions and basic properties of C∗-algebra,
Hilbert A-modules. Our references for C∗-algebras as [3,5]. For a C∗-algebra A if a ∈ A
is positive we write a ≥ 0 and A+ denotes the set of all positive elements of A.

Definition 1.1. [9] Let A be a unital C∗-algebra and H be a left A-module, such that
the linear structures of A and H are compatible. H is a pre-Hilbert A-module if H is
equipped with an A-valued inner product 〈., .〉A : H×H → A, such that is sesquilinear,
positive definite and respects the module action. In the other words,

(i) 〈x, x〉A ≥ 0 for all x ∈ H and 〈x, x〉A = 0 if and only if x = 0.
(ii) 〈ax+ y, z〉A = a〈x, z〉A + 〈y, z〉A for all a ∈ A and x, y, z ∈ H.

(iii) 〈x, y〉A = 〈y, x〉∗A for all x, y ∈ H.
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For x ∈ H,we define ||x|| = ||〈x, x〉A||
1
2 . IfH is complete with ||.||, it is called a HilbertA-

module or a HilbertC∗-module overA. For every a inC∗-algebraA, we have |a| = (a∗a)
1
2

and the A-valued norm onH is defined by |x| = 〈x, x〉
1
2
A for x ∈ H.

LetH and K be two Hilbert A-modules, A map T : H → K is said to be adjointable if
there exists a map T ∗ : K → H such that 〈Tx, y〉A = 〈x, T ∗y〉A for all x ∈ H and y ∈ K.

We reserve the notation End∗A(H,K) for the set of all adjointable operators fromH to
K and End∗A(H,H) is abbreviated to End∗A(H). Also, GL+(H) is the set of all positive
bounded linear invertible operators onH with bounded inverse.

The following lemmas will be used to prove our mains results.

Lemma 1.2. [1]. Let H and K be two Hilbert A-modules and T ∈ End∗A(H,K). Then the
following statements are equivalent:

(i) T is surjective.
(ii) T ∗ is bounded below with respect to norm, i.e.: there ism > 0 such that ‖T ∗x‖ ≥ m‖x‖,

x ∈ K.
(iii) T ∗ is bounded below with respect to the inner product, i.e.: there is m′ > 0 such that,

〈T ∗x, T ∗x〉A ≥ m′〈x, x〉A, x ∈ K.

Lemma 1.3. [9]. LetH be an Hilbert A-module. If T ∈ End∗A(H), then

〈Tx, Tx〉A ≤ ‖T‖2〈x, x〉A, x ∈ H.

For the following theorem, R(T ) denote the range of the operator T .

Theorem 1.4. [7] Let E, F and G be Hilbert A-modules over a C∗-algebra A. Let T ∈
End∗A(E,F ) and T ′ ∈ End∗A(G,F ) with (R(T ∗)) is orthogonally complemented. Then the
following statements are equivalent:

(1) T ′(T ′)∗ ≤ λTT ∗ for some λ > 0.
(2) There exists µ > 0 such that ‖(T ′)∗x‖ ≤ µ‖T ∗x‖ for all x ∈ F .
(3) There exists D ∈ End∗A(G,E) such that T ′ = TD, that is the equation TX = T ′ has

a solution.
(4) R(T ′) ⊆ R(T ).

2. Controlled ∗-K-operator frame for End∗A(H)

We begin this section with the following definition.

Definition 2.1. Let K ∈ End∗A(H) and C,C ′ ∈ GL+(H). A family of adjointable oper-
ators {Ti}i∈I on a Hilbert A-module H over a unital C∗-algebra is said to be a (C,C

′
)-

controlled ∗-K-operator frame forEnd∗A(H), if there exist two strictly non zero elements
A and B in A such that

A〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H. (2.1)

The elements A and B are called respectively lower and upper bounds of the (C,C
′
)-

controlled ∗-K-operator frame.
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If A〈K∗x,K∗x〉AA∗ =
∑

i∈I〈TiCx, TiC
′
x〉A, the (C,C

′
)-controlled ∗-K-operator frame is

called A-tight.
If A = 1A, it is called a normalized tight (C,C

′
)-controlled ∗-K-operator frame or a

Parseval (C,C
′
)-controlled ∗-K-operator frame.

Example 2.2. Let H = l2(C) =

{
{an}n∈N ⊂ C;

∑
n∈N |an|2 < ∞

}
be a Hilbert space

with respect the inner product,

〈{an}n∈N, {bn}n∈N〉 =
∑
n∈N

anb̄n,

equiped with the norm,

‖{an}n∈N‖l2(C) = (
∑
n∈N

|an|2)
1
2 .

We consider the C∗-algebra A =

{
{an}n∈N ⊂ C; max

n∈N
|an| < ∞

}
, equiped with the

involution,

{an}n∈N −→ {an}∗n∈N = {ān}n∈N for all {an}n∈N ⊂ A

Let the map,

H×H −→ A

({an}n∈N, {bn}n∈N) −→ 〈{an}n∈N, {bn}n∈N〉A =

{
anbn
n

}
n∈N

Wich is an inner product and equiped with it,H is a Hilbert A-modules.
Let

Λk : H −→ H

{an}n∈N −→
{
anδ

2k+1
n√

2k + 1

}
n∈N

,

where δ2k+1
n is the Kronecker symbol.

Λk is defined as follow,

Λk({an}n∈N) = (0, 0, ...,
a2k+1√
2k + 1

, 0, ...) For all {an}n∈N ⊂ H.

Hence the family {Λk}k∈N is bounded and linear.
For α, β > 0, we define,

C : H −→ H

{an}n∈N −→ {αan}n∈N,

and

C
′
: H −→ H

{an}n∈N −→ {βan}n∈N,
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It’s easy to see that C and C ′ are bounded, linear and invertible operators.
Furthermore,∑

k∈N

〈ΛkC({an}n∈N),ΛkC
′
({an}n∈N)〉A =

∑
k∈N

〈Λk({αan}n∈N),Λk({βan}n∈N)〉A

=
∑
k∈N

〈
{
αanδ

2k+1
n√

2k + 1

}
n∈N

,

{
βanδ

2k+1
n√

2k + 1

}
n∈N
〉A

=
∑
k∈N

αβ

{
|an|2δ2k+1

n

(2k + 1)n

}
n∈N

= αβ

{
|a2k+1|2

(2k + 1)2

}
k∈N

Then the family {Λk}k∈N is a ∗-(C,C ′)-controlled Bessel sequence, but is not a (C,C
′
)-

controlled operator frame.
Indeed,∑

k∈N

〈ΛkC{an}n∈N,ΛkC
′{an}n∈N〉A ≤ αβ

{
|a2k+1|2

(2k + 1)

}
k∈N

≤ αβ

{
|ak|2

k

}
k∈N

= αβ〈{an}n∈N, {an}n∈N〉A

=
√
αβIdA〈{an}n∈N, {an}n∈N〉A

√
αβIdA

But if {an}n∈N ∈ H and ak+1 = 0 ∀k ∈ N, then

〈Λk{an}n∈N,Λk{an}n∈N〉A = {0}

So, we consider the operator K defined by,

K : H −→ H

{an}n∈N −→ {a2k+1}k∈N

and A =
√
αβ

{
1√
k

}
k∈N∗

, then,

A〈K∗{an}n∈N, K∗{an}n∈N〉AA∗ =
√
αβ

{
1√
k

}
k∈N∗

{
|a2k+1|2

2k + 1

}
k∈N

√
αβ

{
1√
k

}
k∈N∗

= αβ

{
|a2k+1|2

(2k + 1)2

}
k∈N

=
∑
k∈N

〈ΛkC{an}n∈N,ΛkC
′{an}n∈N〉A

Wich proof that {Λk}k∈N is a tight (C,C
′
)-∗-controlled operator frame.

Proposition 2.3. Every (C,C
′
)-controlled ∗-operator frame forEnd∗A(H) is a (C,C

′
)-controlled

∗-K-operator frame for End∗A(H).
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Proof. For any K ∈ End∗A(H), we have,

〈K∗x,K∗x〉A ≤ ‖K‖2〈x, x〉A.

Let {Ti}i∈I be a (C,C
′
)-controlled ∗-operator frame for End∗A(H) with bounds A and B.

Then,
A〈x, x〉AA∗ ≤

∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H.

Hence,

A‖K‖−2〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H.

Thus

A‖K‖−1〈K∗x,K∗x〉A(A‖K‖−1)∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H.

Therefore, {Ti}i∈I is a (C,C
′
)-controlled ∗ - K-operator frame forEnd∗A(H) with bounds

A‖K‖−1 and B. �

Proposition 2.4. Let {Ti}i∈I be a (C,C
′
)-controlled ∗-K-operator frame for End∗A(H). If K

is surjective then {Ti}i∈I is a (C,C
′
)-controlled ∗-operator frame for End∗A(H).

Proof. Suppose that K is surjective, from lemma 1.2 there exists m > 0 such that

〈K∗x,K∗x〉A ≥ m〈x, x〉A, x ∈ H (2.2)

Let {Ti}i∈I be a (C,C
′
)-controlled ∗-K-operator frame for End∗A(H) with bounds A and

B, then,
A〈K∗x,K∗x〉AA∗ ≤

∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H. (2.3)

Using (2.2) and (2.3), we have

Am〈x, x〉AA∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H.

Then
A
√
m〈x, x〉A(A

√
m)∗ ≤

∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H.

Therefore {Ti}i∈I is a (C,C
′
)-controlled ∗-operator frame for End∗A(H). �

Proposition 2.5. Let C,C ′ ∈ GL+(H) and {Ti}i∈I be a ∗- K-operator frame for End∗A(H).
Assume that C and C ′ commute with Ti for each i ∈ I and commute with K. Then {Ti}i∈I is a
(C,C

′
)-controlled ∗-K-operator frame for End∗A(H).

Proof. Let {Ti}i∈I be a ∗- K-operator frame for End∗A(H).
Then there exist two strictly non zero elements A and B in A such that

A〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈Tix, Tix〉A ≤ B〈x, x〉AB∗, x ∈ H. (2.4)
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On one hand, we have,∑
i∈I

〈TiCx, TiC ′x〉A =
∑
i∈I

〈Ti(CC ′)
1
2x, Ti(CC

′)
1
2x〉A

≤ B〈(CC ′)
1
2x, (CC ′)

1
2x〉A

≤ B‖(CC ′)
1
2‖2〈x, x〉A,

So, ∑
i∈I

〈TiCx, TiC ′x〉A ≤ B‖(CC ′)
1
2‖2〈x, x〉A. (2.5)

Also, we have,∑
i∈I

〈Ti(CC ′)
1
2x, Ti(CC

′)
1
2x〉A ≥ A〈K∗(CC ′)

1
2x,K∗(CC ′)

1
2x〉AA∗

≥ A〈(CC ′)
1
2K∗x, (CC ′)

1
2K∗x〉AA∗.

Since (CC ′)
1
2 is a surjecive operator, then there exists m > 0 such that,

〈(CC ′)
1
2K∗x, (CC ′)

1
2K∗x〉A ≥ m〈K∗x,K∗x〉A. (2.6)

Which give,

Am〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈TiCx, TiC ′x〉A ≤ B‖(CC ′)
1
2‖2〈x, x〉AB∗.

Hence

A
√
m〈K∗x,K∗x〉A(A

√
m)∗ ≤

∑
i∈I

〈TiCx, TiC ′x〉A ≤ B‖(CC ′)
1
2‖〈x, x〉A(B‖(CC ′)

1
2‖)∗.

Therefore {Ti}i∈I is a (C,C
′
)-controlled ∗-K-operator frame for End∗A(H).

�

Let {Ti}i∈I be a (C,C ′)−controlled Bessel ∗-operator frame for End∗A(H). We assume
that C and C ′ commute between them and commute with T ∗i Ti for each i ∈ I .
We define the operator T(C,C′) :H → l2(H) given by

T(C,C′)x = {Ti(CC ′)
1
2x}i∈I .

T(C,C′) is called the analysis operator. The adjoint operator for T is defined by T ∗
(C,C′ )

:

l2(H)→ H given by,
T ∗
(C,C′ )

({ai}i∈I) =
∑
i∈I

(CC ′)
1
2T ∗i ai

is called the synthesis operator.
We define the frame operator of the (C,C

′
)-controlled Bessel ∗-operator frame by:

S(C,C′ ) :H −→ H

x −→ S(C,C′ )x = T(C,C′ )T
∗
(C,C′ )

x =
∑
i∈I

C ′T ∗i TiCx.

It’s clear to see that S(C,C′ ) is positive, bounded and selfadjoint.
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Theorem 2.6. Let K,Q ∈ End∗A(H) and {Ti}i∈I ⊂ End∗A(H) be a (C,C ′)−controlled ∗-
K-operator frame for End∗A(H) with frame operator S(C,C′). Suppose that Q commute with C ,
C ′ and commute with K. Then {TiQ}i∈I is a (C,C ′)−controlled ∗- (Q∗K)-operator frame for
End∗A(H) with frame operator S = Q∗S(C,C′)Q .

Proof. Suppose that {Ti}i∈I is a (C,C ′)−controlled ∗- K-operator frame with frame bounds
A and B. Then,

A〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗.

Hence,

A〈K∗Qx,K∗Qx〉AA∗ ≤
∑
i∈I

〈TiCQx, TiC
′
Qx〉A ≤ B〈Qx,Qx〉AB∗.

So,
A〈(Q∗K)∗x, (Q∗K)∗x〉AA∗ ≤

∑
i∈I

〈TiQCx, TiQC
′
x〉A ≤ B‖Q‖2〈x, x〉AB∗.

Then

A〈(Q∗K)∗x, (Q∗K)∗x〉AA∗ ≤
∑
i∈I

〈TiQCx, TiQC
′
x〉A ≤ B‖Q‖〈x, x〉A(B‖Q‖)∗.

Therefore {TiQ}i∈I is a (C,C ′)-controlled ∗-(Q∗K)-operator frame for End∗A(H) with
bounds A and B‖Q‖.
Furthermore,

S =
∑
i∈I

C ′(TiQ)∗TiQCx =
∑
i∈I

C ′Q∗T ∗i TiCQx = Q∗
∑
i∈I

C ′T ∗i TiCQx

= Q∗S(C,C′)Qx

�

Theorem 2.7. Let {Ti}i∈I be a (C,C ′)−controlled ∗-K-operator frame forEnd∗A(H) with best
frame bounds A and B. If Q : H → H is an adjointable and invertible operator such that Q
and Q−1 commutes with C and C ′ for each i ∈ I and Q−1 commute with K∗, then {TiQ}i∈I
is a (C,C ′)−controlled ∗-K-operator frame for End∗A(H) with best frame bounds M and N
satisfying the inequalities,

A‖Q−1‖−1 ≤M ≤ A‖Q‖ and A‖Q−1‖−1 ≤ N ≤ B‖Q‖. (2.7)

Proof. Let {Ti}i∈I be a (C,C ′)−controlled ∗-K-operator frame for End∗A(H) with best
frame bounds A and B.

One one hand, we have∑
i∈I

〈TiCQx, TiC
′
Qx〉A ≤ B〈Qx,Qx〉AB∗

≤ B‖Q‖2〈x, x〉AB∗

≤ B‖Q‖〈x, x〉A(B‖Q‖)∗.
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One the other hand, we have,

A〈K∗x,K∗x〉AA∗ = A〈K∗Q−1Qx,K∗Q−1Qx〉AA∗

= A〈Q−1K∗Qx,Q−1K∗Qx〉AA∗

≤ A‖Q−1‖2〈K∗Qx,K∗Qx〉AA∗

≤ ‖Q−1‖2
∑
i∈I

〈TiCQx, TiC
′
Qx〉A

= ‖Q−1‖2
∑
i∈I

〈TiQCx, TiQC
′
x〉A.

Hence,

A‖Q−1‖−2〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈TiQCx, TiQC
′
x〉A ≤ B‖Q‖〈x, x〉A(B‖Q‖)∗.

Thus

A‖Q−1‖−1〈K∗x,K∗x〉A(A‖Q−1‖−1)∗ ≤
∑
i∈I

〈TiQCx, TiQC
′
x〉A ≤ B‖Q‖〈x, x〉A(B‖Q‖)∗.

Therefore, {TiQ}i∈I is a (C,C ′)−controlled ∗-K-operator frame forEnd∗A(H) with bounds
A‖Q−1‖−1 and B‖Q‖.
Now, let M and N be the best bounds of the (C,C ′)−controlled ∗- K-operator frame
{TiQ}i∈I . Then,

A‖Q−1‖−1 ≤M and N ≤ B‖Q‖. (2.8)

Also, {TiQ}i∈I is a (C,C ′)−controlled ∗-K-operator frame for End∗A(H) with frame
bounds M and N .

Since,

〈K∗x,K∗x〉A = 〈QQ−1K∗x,QQ−1K∗x〉A ≤ ‖Q‖2〈K∗Q−1x,K∗Q−1x〉A, x ∈ H.

So,

M‖Q‖−2〈K∗x,K∗x〉AM∗ ≤M〈K∗Q−1x,K∗Q−1x〉AM∗

≤
∑
i∈I

〈TiQCQ−1x, TiQC ′Q−1x〉A

=
∑
i∈I

〈TiQQ−1Cx, TiQQ−1C ′x〉A

=
∑
i∈I

〈TiCx, TiC
′
x〉A

≤ N‖Q−1‖2〈x, x〉A
≤ N‖Q−1‖〈x, x〉A(N‖Q−1‖)∗.

Since A and B are the best bounds of (C,C ′)−controlled K-operator frame {Ti}i∈I , we
have

M‖Q‖−1 ≤ A and B ≤ N‖Q−1‖. (2.9)

Therfore the inequality (2.7) follows from (2.9) and (2.8). �
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Theorem 2.8. Let (H,A, 〈., .〉A) and (H,B, 〈., .〉B) be two Hilbert C∗-modules and let ϕ
A −→ B be a ∗-homomorphisme and θ be a map on H such that 〈θx, θy〉B = ϕ(〈x, y〉A
for all x, y ∈ H. Suppose {Ti}i∈I ⊂ End∗A(H) is a (C,C

′
)-controlled ∗-K-operator frame for

(H,A, 〈., .〉A) with frame operator SA and lower and upper bounds A and B respectively. If θ is
surjective such that θTi = Tiθ for each i ∈ I , θC = Cθ , θC ′ = C

′
θ and θK∗ = K∗θ, then

{Ti}i∈I is a (C,C
′
)-controlled ∗-K-operator frame for (H,B, 〈., .〉B) with frame operator SB

and lower and upper bounds ϕ(A), ϕ(B) respectively and 〈SBθx, θy〉B = ϕ(〈SAx, y〉A.

Proof. Since θ is surjective, then for every y ∈ H there exists x ∈ H such that θx = y.
Using the definition of (C,C

′
)-controlled ∗- K-operator frame we have,

A〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉 ≤ B〈x, x〉AB∗, x ∈ H.

We have for all x ∈ H,

ϕ(A〈K∗x,K∗x〉AA∗) ≤ ϕ(
∑
i∈I

〈TiCx, TiC
′
x〉A) ≤ ϕ(B〈x, x〉AB∗).

From the definition of ∗-homomorphisme we have

ϕ(A)ϕ(〈K∗x,K∗x〉A)ϕ(A∗) ≤ ϕ(
∑
i∈I

〈TiCx, TiC
′
x〉A) ≤ ϕ(B)ϕ(〈x, x〉A)ϕ(B∗).

Using the relation betwen θ and ϕ we get

ϕ(A)〈θK∗x, θK∗x〉B(ϕ(A))∗ ≤
∑
i∈I

〈θTiCx, θTiC
′
x〉B ≤ ϕ(B)〈θx, θx〉B)(ϕ(B))∗.

Since θTi = Tiθ , θC = Cθ, θC ′ = C
′
θ and θK∗ = K∗θ we have

ϕ(A)〈K∗θx,K∗θx〉B(ϕ(A))∗ ≤
∑
i∈I

〈TiCθx, TiC
′
θx〉B ≤ ϕ(B)〈θx, θx〉B)(ϕ(B))∗.

Therefore

ϕ(A)〈K∗y,K∗y〉B(ϕ(A))∗ ≤
∑
i∈I

〈TiCy, TiC
′
y〉B ≤ ϕ(B)〈y, y〉B)(ϕ(B))∗, y ∈ H.

This implies that {Ti}i∈I is a (C,C
′
)-controlled ∗-K-operator frame for (H,B, 〈., .〉B) with

bounds ϕ(A) and ϕ(B). Moreover we have

ϕ(〈SAx, y〉A = ϕ(〈
∑
i∈I

TiCx, TiC
′
y〉A)

=
∑
i∈I

ϕ(〈TiCx, TiC
′
y〉A)

=
∑
i∈I

〈θTiCx, θTiC
′
y〉B

=
∑
i∈I

〈TiCθx, TiC
′
θy〉B

= 〈
∑
i∈I

C
′
T ∗i TiCθx, θy〉B

= 〈SBθx, θy〉A).
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Which completes the proof. �

3. Operators preserving controlled ∗-K-operator frame

Proposition 3.1. LetK,U ∈ End∗A(H) such thatR(U) ⊂ R(K). If {Ti}i∈I is a (C,C ′)−controlled
∗-K-operator frame for End∗A(H), then {Ti}i∈I is a (C,C ′)−controlled ∗-U-operator frame for
End∗A(H)

Proof. Assume that {Ti}i∈I is a (C,C ′)−controlled ∗-K-operator with bounds A and B,
then

A〈K∗x,K∗x〉AA∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H. (3.1)

SinceR(U) ⊂ R(K) then from lemma (1.4), there exists λ > 0 such that UU∗ ≤ λKK∗.
Using (3.1), we have

A√
λ
〈U∗x, U∗x〉A(

A√
λ

)∗ ≤
∑
i∈I

〈TiCx, TiC
′
x〉A ≤ B〈x, x〉AB∗, x ∈ H.

Therefore {Ti}i∈I is a (C,C ′)−controlled ∗-U-operator frame for End∗A(H). �

Theorem 3.2. Let K ∈ End∗A(H) with a dense range. Let {Ti}i∈I be a (C,C ′)−controlled
∗-K-operator and U ∈ End∗A(H) have closed range and commute with C and C ′ . If {TiU}i∈I
and {TiU∗}i∈I are (C,C ′)−controlled ∗-K-operator frame for End∗A(H) then U is invertible.

Proof. Suppose that {TiU}i∈I is a (C,C ′)−controlled ∗-K-operator frame with boundsA1

and B1, then

A1〈K∗x,K∗x〉AA∗1 ≤
∑
i∈I

〈TiUCx, TiUC
′
x〉A ≤ B1〈x, x〉AB∗1 , x ∈ H. (3.2)

Since K have a dense range then K∗ is injective.
Hence from (3.2), N(U) ⊂ N(K∗). Then U is injective.
Moreover R(U∗) = N(U)⊥ = H. Therefore U is surjective.
Now assume that {TiU∗}i∈I is a (C,C ′)−controlled ∗-K-operator frame with bounds A2

and B2, then

A2〈K∗x,K∗x〉AA∗2 ≤
∑
i∈I

〈TiU∗Cx, TiU∗C
′
x〉A ≤ B2〈x, x〉AB∗2 , x ∈ H. (3.3)

Hence U is injective, since N(U∗) ⊂ N(K∗). Thus U is invertible. �
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