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ABSTRACT. Frame Theory has a great revolution for recent years. This theory has been
extended from Hilbert spaces to Hilbert C*-modules. In this paper, we introduce the
concept of Controlled *-K-operator frame for the space End* () of all adjointable op-
erators on a Hilbert A-module # and we establish some results.

1. INTRODUCTION AND PRELIMINARIES

In 1946, Gabor [8] introduced a method for reconstructing functions (signals) using a
family of elementary functions. Later in 1952, Duffin and Schaeffer [6] presented a similar
tool in the context of nonharmonic Fourier series and this is the starting point of frame
theory. After some decades, Daubechies, Grossmann and Meyer [4] in 1986 announced
formally the definition of frame in the abstract Hilbert spaces.

Controlled frames in Hilbert spaces have been introduced by P. Balazs [2] to improve
the numerical efficiency of iterative algorithms for inverting the frame operator.

In this paper, we define and study the notion of controlled *-K-operator frames for
End’(H), to consider the relation between *-K-operator frames and controlled *-K-
operator frames in a given Hilbert C*-module and we establish some results.

In the following, we briefly recall the definitions and basic properties of C*-algebra,
Hilbert A-modules. Our references for C*-algebras as [3,5]. For a C*-algebra Aifa € A
is positive we write a > 0 and A* denotes the set of all positive elements of A.

Definition 1.1. [9] Let A be a unital C*-algebra and H be a left A-module, such that
the linear structures of A and H are compatible. H is a pre-Hilbert .A-module if H is
equipped with an A-valued inner product (.,.) 4 : H x H — A, such that is sesquilinear,
positive definite and respects the module action. In the other words,
(i) (z,z)4 > 0forall z € H and (z,z) 4 = 0 if and only if z = 0.
(i) (ax +vy,2)4 = al{z,2) 4+ (y,2) 4 foralla € Aand z,y, 2z € H.
(iii) (z,y)a = (y,x)% forall z,y € H.
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Forz € H, wedefine||z|| = ||(z, z).4||2. If H is complete with ||.||, it is called a Hilbert A-
module or a Hilbert C*-module over A. For every a in C*-algebra A, we have |a| = (a*a)2

and the A-valued norm on H is defined by |z| = (z, x>i forx € H.

Let H and K be two Hilbert A-modules, A map 7' : H — K is said to be adjointable if
there exists a map 7% : K — H such that (Tx,y) 4 = (z,T*y) 4 forallz € Hand y € K.

We reserve the notation End’(#, K) for the set of all adjointable operators from # to
KC and End’y(H,H) is abbreviated to End’(H). Also, GL*(H) is the set of all positive
bounded linear invertible operators on H with bounded inverse.

The following lemmas will be used to prove our mains results.

Lemma 1.2. [1]. Let H and K be two Hilbert A-modules and T' € End(#,K). Then the
following statements are equivalent:
(i) T is surjective.
(ii) T is bounded below with respect to norm, i.e.: there ism > 0such that || T*z|| > m||z||,
xz € K.
(iii) T is bounded below with respect to the inner product, i.e.: there is m’ > 0 such that,

(T, T*x) o > m/{x,x) 4, x€K.
Lemma 1.3. [9]. Let H be an Hilbert A-module. If T € End’(H), then
(T, Taya < ||T|*(z,2)a, @ €H.
For the following theorem, R(T") denote the range of the operator 7.

Theorem 1.4. [7] Let E, F and G be Hilbert A-modules over a C*-algebra A. Let T €
Endi(E,F) and T' € End’(G, F) with (R(T*)) is orthogonally complemented. Then the
following statements are equivalent:
(1) T/(T")* < XT'T* for some A > 0.
(2) There exists 1 > 0 such that ||(T")*z|| < p||/T*z|| forall z € F.
(3) There exists D € End’(G, E) such that T' = T'D, that is the equation TX = T" has
a solution.

4) R(T") € R(T).
2. CONTROLLED %-K-OPERATOR FRAME FOR End’(H)

We begin this section with the following definition.

Definition 2.1. Let K € End*(H) and C,C" € GL*(H). A family of adjointable oper-
ators {T}};c; on a Hilbert A-module # over a unital C*-algebra is said to be a (C,C")-

controlled %-K-operator frame for End’ (#), if there exist two strictly non zero elements
A and B in A such that

A(K*x, K*z) 4A* < Z(TiC’x,TiC’/x)A < B{x,z)4B*,x € H. (2.1)
il
The elements A and B are called respectively lower and upper bounds of the (C,C")-
controlled x-K-operator frame.
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If A(K*z, K*z) s A* = 3, [(TiCx, T;C'x) 4, the (C, C")-controlled x-K-operator frame is
called A-tight.

If A = 1, it is called a normalized tight (C,C")-controlled *-K-operator frame or a
Parseval (C, C")-controlled %-K-operator frame.

Example 2.2. Let H = [5(C) = {{an}neN CC X enlanl® < oo} be a Hilbert space

with respect the inner product,

({an tnen, {bntnen) = Z by,

neN

equiped with the norm,

1
Han}nenlla) = O laal®)?.

neN

We consider the C*-algebra A = {{an}neN C G mg§v|an| < oo}, equiped with the

involution,
{antnen — {antneny = {antnen  forall {a,}nen C A
Let the map,
HxH—A
(i boes (b does) — Uandoa, Gdoenda = { 222

Wich is an inner product and equiped with it, # is a Hilbert .A-modules.
Let

AkH—>H

an62k+1
Qp fn — ) )
tanJnen {\/% 1 }neN
where §2¥+1 is the Kronecker symbol.
Ay is defined as follow,

Ak({an}nEN) - (07 07 LA \/6;2;%7 07 ) FOT CL” {an}nEN - %

Hence the family { A4 }ren is bounded and linear.
For a, f > 0, we define,

C:H—H
{an}nen — {aan}tnen,
and
' H—H

{an}nEN — {/Ban}nENa
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It’s easy to see that C'and C” are bounded, linear and invertible operators.

Furthermore,
Z(Akc<{an}neN)a Akcl ({antnen))a = Z(Ak’({aan}neN)a Ar({Bantnen)) a

aan52k+1 6an672zk+1
%ZN { V2k+1 } { V2k+1 }n€N>““
Z {|an|252k+1}
2k +1 neN

. |a2k+1’
B &ﬂ{ (2k + 1) }keN

Then the family {A;}ren is a #-(C, C")-controlled Bessel sequence, but is not a (C, C")-
controlled operator frame.
Indeed,

, a2 |
Z(AkC{an}nENv AkC {a”}n€N>A = Oéﬁ{ (zzk:_ll) }kGN

keN
|@k\2}
< aﬁ{—
k keN

= af({an}tnen, {an}tnen)a
= V/aBIdy({an tnen, {an}nen)a/aBId4
But if {a,}neny € Hand apy1 =0 Vk € N, then
(Ae{antnen, Ae{antnen) 4 = {0}

So, we consider the operator K defined by,

K- H—H

{antneny — {a2k41}ren

and A = \/aﬂ{ﬁ} , then,

keN*
* * * 1 ’a2k+1|2} { 1 }
A(K n fne aK nfne A* = —— ]
< {a } ! {a } N>A m{\/g}kEN*{ 2k +1 keNm \/E keN*

. |a2k+1|2

- O‘ﬁ{ (2 + 1)2 }kEN

- <Akc{an}n6Na Akcl{an}n€N>A

keN

€
Wich proof that {A;}ren is a tight (C, C")-%-controlled operator frame.

Proposition 2.3. Every (C, C")-controlled x-operator frame for End’y(H)is a (C, C")-controlled
«-K-operator frame for End’y(H).
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Proof. For any K € End’(H), we have,
<K*ZL’, K*x>A < ||K||2<l’, x>A‘
Let {T;}icr be a (C, C")-controlled *-operator frame for End* (H) with bounds A and B.

Then,
Az, ) 4A* < Z(TZCx,TiC’/xM < B{x,z)4B*,xz € H.
iel
Hence,
AR 0, K*2) A" < S (10w TiC )4 < Bla,ahaByw € 1.
il
Thus
AIK|| 7K 2, Ko a) (A K7 < ) (102, T,C'2)a < Blw,x)aB*,x € H.
i€l

Therefore, {7} }ics is a (C, C")-controlled - K-operator frame for End () with bounds
A||K||~* and B. O

Proposition 2.4. Let {T}},c; be a (C, C")-controlled x-K-operator frame for End(H). If K
is surjective then {T} }ier is a (C, C")-controlled *-operator frame for End* (H).

Proof. Suppose that K is surjective, from lemma 1.2 there exists m > 0 such that

(K*z, K*x) 4 > m{z,x) 4,0 € H (2.2)

Let {T;}icr be a (C,C")-controlled *-K-operator frame for End* (#) with bounds A and
B, then,

A(K*z, K*z) 4A* < Z(TiCx,TiC,xM < B(z,z)4B*,x € H. (2.3)

el

Using (2.2) and (2.3), we have
Am(z, z) 4 A" < (TiCx, T,C'x) 4 < B(x,2)4B", x € H.

icl
Then
Avmiz, z)a(AVm)* <> (T,Cx, T,C'z) 4 < Bz, 2) 48",z € H.
icl
Therefore {T;}ics is a (C,C")-controlled #-operator frame for End(H). O

Proposition 2.5. Let C,C" € GL*(H) and {T;}icr be a - K-operator frame for End’y(H).
Assume that C' and C' commute with T; for each i € I and commute with K. Then {T;}ics is a
(C, C")-controlled *-K-operator frame for End(H).

Proof. Let {T;};c; be a x- K-operator frame for End’ (H).
Then there exist two strictly non zero elements A and B in A such that

A(K*z, K*z) 4A* < Z(Tﬂ,Tﬂ)A < B(z,z)4B*,x € H. (2.4)

el
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On one hand, we have,

> (102, T.Cw)a = Y (L(CC") 22, Ti(CC) ).
iel el

< B((CC")ix, (CC")ix) 4
< B|[(CC)2 |2z, 7).,

N

So,
> (10w, TiC"x) 4 < B|(CC')2|*(x, z) 4. (2.5)
i€l
Also, we have,
S (TH(CC) 22, THOC ) 2a) 4 > A(K*(CC) 2w, KX (CC")2a) 4 A”
i€l

> A((CCN 2 K*z, (CC2K*x) 4 A",

Since (CC')2 is a surjecive operator, then there exists m > 0 such that,

(CCY2K*z, (CCN2K*x) 4 > m{K*z, K*2) 4. (2.6)
Which give,
Am(K*z, K*z) 4A* <Y (T,Cw, T,C'w) 4 < B||(CC')2 |z, 2) 4B".
i€l
Hence
AVim(K*z, K*z) a(Avm)* <> (TiCx, T,C"w) 4 < B|(CC"): |[{z, x) a( B[ (CC") )",
i€l

Therefore {T;}ics is a (C, C")-controlled *-K-operator frame for End’ (H).
U

Let {T}}ier be a (C, C")—controlled Bessel -operator frame for End’(H). We assume
that C'and ¢’ commute between them and commute with 7;7T; for each ¢ € I.
We define the operator T(¢,cry :H — I*(H) given by

T(C,C/)l' = {E(Ccl)%iC}Ze]

T(c,cry is called the analysis operator. The adjoint operator for 7" is defined by T(*C oy
I>(H) — H given by,
* N L s
(C,C’)({ai}iel) = Z(OO )21} a;
i€l
is called the synthesis operator.
We define the frame operator of the (C, C")-controlled Bessel -operator frame by:

S(C,C/) :H — H

r — S(C,Cl)m = T(Cvc/)T(*C,C/)x — Z Clﬂ*ﬂgl'
el

It’s clear to see that S ) is positive, bounded and selfadjoint.
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Theorem 2.6. Let K, Q) € End(H) and {T;}icr C Endy(H) be a (C,C")—controlled -
K-operator frame for End’(H) with frame operator Sic cry. Suppose that @ commute with C',
C" and commute with K. Then {T;Q}:cr is a (C,C")—controlled x- (Q* K)-operator frame for
End’(H) with frame operator S = Q*Sic,cn@Q .

Proof. Suppose that{7;};c;isa(C,C")—controlled - K-operator frame with frame bounds
A and B. Then,

A(K* 2, K* )4 A" <Y (TiCx, T,C'2) 4 < Blw, z)4B".

el
Hence,
A(K*Qu, K*Qu) 4 A" <> (T,CQu, T,C' Qu) 4 < B(Qx, Qu) 4B".
el
So,
A(QK)'z, (QK) z)4A* <Y (T,QCx, TiQC x)a < B||Q|*(x, ) 4B".
el
Then
A(QK) z, (QK) ) aA™ <D (TiQC, T,QC z)4 < B|Q||(z, z)a(B|QI|)".
el

Therefore {T;Q}icr is a (C, C”)-controlled *-(Q*K')-operator frame for End(#) with
bounds A and B||Q]|-

Furthermore,
S= C(TQTQCx =Y C'QTTiICQr=Q" Y C'T/T,CQx
el el el
= Q*S(C,C’)Qx

g

Theorem 2.7. Let {T;},c; be a (C, C")—controlled x-K-operator frame for End’ (#) with best
frame bounds A and B. If Q : H — H is an adjointable and invertible operator such that @
and Q' commutes with C and C’ for each i € I and Q' commute with K*, then {T;Q}icr
is a (C,C")—controlled x-K-operator frame for End’(H) with best frame bounds M and N
satisfying the inequalities,

AR <M< AIQI and  AJQTY|ITN < N < BJ|Q]. (2.7)

Proof. Let {T;};er be a (C,C")—controlled x-K-operator frame for End’ () with best
frame bounds A and B.
One one hand, we have

> (T:CQux, T,C' Qu) 4 < B(Qu, Qu) 4B*
el

< B||Q[*{z, z)aB"
< B|Q[[{z, z) A(BIIQI))".
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One the other hand, we have,
AR 2, K*2) 4 A = AUK*Q7'Qu, K*Q ' Qu) 4 A
= AQTKQr, QK Q) 4 A"
< AIQ7P (K" Q, K*Qur) 4A”
<IQ7*Y (T:CQx, T,C' Q) 4

el
= Q7'*>_{T:QC, TQC x) .
Hence, -
AQ7H 7Kz, K*z) 4A™ < Z<EQOx,EQC'x>A < B|Q|(z, z)A(B[QI])".
Thus -
AQ7HTHE z, K z) 4(A Q7" < D (T:QCz, T,QC x) 4 < B|| Q| {x, x) 4(B|| Q)"

icl
Therefore, {T;Q}icrisa (C, C")—controlled x-K-operator frame for End’ () with bounds
AQ~~" and BJQ]I.
Now, let M and N be the best bounds of the (C,C")—controlled *- K-operator frame
{EQ}’LGI Then)

AlQ7H™' <M and N < BJ|Q. (2.8)
Also, {T;Q}icr is a (C, C")—controlled *-K-operator frame for End’ () with frame
bounds M and N.
Since,
K, K*a) 4 = (QQ K5, QQ K 2) 4 < QK" Q' K*Q '), € H.
So,
M||Q|*(K*x, K*x) uM* < M(K*Q 'z, K*Q'x) 4 M*
<Y (TQCQ™'w, TQC'Q ') 4
iel
=) (TQQ™'Cx, T.QQ™'C'z) 4
il
= (TiCx,T,C'x) 4
iel
< NIQ7*(, 2).4
< NIQ™ Kz, x)a(N[IQ)"

Since A and B are the best bounds of (C,C’")—controlled K-operator frame {7;};cs, we
have
M|Q|™ <A and B<N|QY. (2.9)

Therfore the inequality (2.7) follows from (2.9) and (2.8). O
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Theorem 2.8. Let (H, A, (.,.)4) and (H,B,(.,.)s) be two Hilbert C*-modules and let ¢
A — B be a x-homomorphisme and 6 be a map on H such that (0z,0y)g = ©((x,y)a
forall z,y € H. Suppose {T;}icr C Endy(H) is a (C, C")-controlled *-K -operator frame for
(H, A, (.,.)4) with frame operator S 4 and lower and upper bounds A and B respectively. If 0 is
surjective such that 0T; = T, foreachi € I, C = CO, 0C" = C'0 and OK* = K*6, then
{T}}icr is a (C,C")-controlled *-IK -operator frame for (H, B, {(.,.)s) with frame operator Sz
and lower and upper bounds ¢(A), ¢(B) respectively and (Sgbz, 0y)g = p({Sax,y)a.

Proof. Since 6 is surjective, then for every y € H there exists x € H such that 6z = y.
Using the definition of (C, C")-controlled *- K-operator frame we have,
A(K*x, K*z) 4 A" < Z(TiC’x,TiC’/x} < B(x,x)AB*,z € H.
il
We have forall x € H,
P(A(K 2, K*2) 4 A™) < o) (TiCx, T,C'x) 4) < @(B(w,2)4B").
icl
From the definition of *-homomorphisme we have
P(A) (K2, K*2) 4)p(A") < (Y (Ti02, T,Cw)a) < 0(B)p((,2) 4)p(BY).
icl
Using the relation betwen 6 and ¢ we get
AANOK 2, 0K"2)s(o(A)) < S OT,C, 0T,C ) < p(B) (6, 0)) (p(B))".
il
Since 0T; = T;0 , 0C = CH, C" = C'# and 6K * = K*0 we have
P(A) K0z, K*0x)5(p(A))" <> (1,002, TiC'0x)5 < o(B)(0x, 0x)5)(0(B))".
iel
Therefore
(AN K"y, K*y)s(p(A))" <> (TiCy, TiC'y)s < o(B)(y, y)s)(¢(B))",y € H.
iel
This implies that {7} };c; is a (C, C")-controlled *-K-operator frame for (#, B, (., .)) with
bounds ¢(A) and p(B). Moreover we have
p((Saz,y)a = () T:Cx, T,C'y) )
icl
=Y " o((T;Cx, T,Cy) )
iel
= (0T:Cx,0T,C"y)s
iel
= (TiC0x, T,C'0y)s
icl
= () C'T;T.Cox,0y)5
iel

= <SBQI’, 9y>A)



Functional Analysis 10

Which completes the proof. O

3. OPERATORS PRESERVING CONTROLLED %-/K-OPERATOR FRAME

Proposition 3.1. Let K, U € End’y(H)suchthat R(U) C R(K). If {T; }ierisa (C, C")—controlled
«-K-operator frame for Endy(H), then {T;};cs is a (C, C")—controlled x-U-operator frame for
Endy(H)

Proof. Assume that {T;};c; is a (C,C")—controlled x-K-operator with bounds A and B,
then
A(K*z, K*z) 4A* < Z(TZCx,TZ-C’/@A < B{x,z)4B*,x € H. (3.1)
iel
Since R(U) C R(K) then from lemma (1.4), there exists A > 0 such that UU* < A\K K*.
Using (3.1), we have

A A :
(U2, Uz)a(—=)" <Y (TiCx, TiC'x) 4 < Blz,x)4B", x € M.
VA YoXES =

Therefore {7} }.c; is a (C, C')—controlled x-U-operator frame for End (H). O

Theorem 3.2. Let K € End%(H) with a dense range. Let {T;}ier be a (C, C")—controlled
x-K-operator and U € End’(H) have closed range and commute with C and C". If {T;U }ie;
and {T;U* };; are (C, C")—controlled x-K-operator frame for End’(#) then U is invertible.

Proof. Suppose that {T;U},crisa (C,C")—controlled x-K-operator frame with bounds A,
and By, then

A (K2, K2y 4 A} <Y (TUCx, TUC )4 < Bi{z,2)4B;,x € H. (3.2)
el
Since K have a dense range then K* is injective.
Hence from (3.2), N(U) C N(K*). Then U is injective.
Moreover R(U*) = N(U)* = H. Therefore U is surjective.

Now assume that {T;U*};c; is a (C, C")—controlled *-K-operator frame with bounds A,
and B,, then

A(K*, K* ) 4 A} <Y (TU*Ca, TU*C'w)a < Bylw, x) B, v € H. (3.3)
i€l
Hence U is injective, since N(U*) C N(K*). Thus U is invertible. O
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