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ABSTRACT. In this note, we investigate the norm-attainability of classical orthogonal
polynomials, including Chebyshev, Hermite, Laguerre, and Legendre polynomials, within
specific weight functions and intervals. It establishes the conditions under which these
polynomials can achieve norm-attainment in their respective Hilbert spaces. The study
demonstrates the norm-attainability of Chebyshev polynomials under the weight func-
tion (1 — 2)~'/2 on the interval [—1,1], proves the norm-attainment of Hermite poly-
nomials under a normal distribution weight function, establishes the norm-attainability
of Laguerre polynomials with a gamma distribution weight function on the positive real
line, and verifies the norm-attainment of Legendre polynomials with a weight function

equal to 1 on the interval [—1, 1].

1. INTRODUCTION

Orthogonal polynomials, which include Chebyshev, Hermite, Laguerre, and Legendre
polynomials, are fundamental mathematical functions with widespread applications [2].
Our investigation begins by examining Chebyshev polynomials on the interval [—1, 1]
with respect to the weight function w(z®) = (1 — 22)~Y/2. We rigorously establish
their norm-attainability within Hilbert spaces. Also, we delve into Hermite polyno-
mials, demonstrating their norm-attainability on the entire real line (see [11]- [15] for
details on norm-attainability). We also explore Laguerre polynomials, defined on the
interval (0, 00), and confirm their norm-attainability through mathematical analysis [1].
Finally, we investigate Legendre polynomials [7] on the interval [—1, 1], essential in vari-
ous scientific fields. This research sheds light on the norm properties of these classical
orthogonal polynomials, enhancing our understanding of their fundamental character-
istics [13] and their utility in diverse mathematical and scientific applications, reaffirm-
ing their enduring significance in the mathematical landscape. Orthogonal polynomials
play a fundamental role in various areas of mathematics, physics, and engineering [7].
They emerge as solutions to differential equations [9] and possess remarkable proper-
ties, making them essential tools for solving a wide range of mathematical problems [3].
In this paper, we explore the concept of norm-attainability [14] for a specific class of
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orthogonal polynomials [6]. The concept of norm-attainability in the context of orthog-
onal polynomials pertains to the existence of constants such that the norm of a given
polynomial is bounded above and below by these constants [13]. It is a crucial property
with applications in functional analysis, approximation theory, and numerical analysis.
Norm-attainable polynomials exhibit special mathematical properties that make them
particularly useful in various domains. We also consider classical orthogonal polynomi-
als defined on specific weight functions and intervals. The primary focus is on proving
the norm-attainability of these polynomials. Our first set of results deals with Cheby-
shev orthogonal polynomials defined on the interval [—1, 1] with respect to the weight
function w(z) = (1 — 2%)~/2. We demonstrate that for any non-negative integer n, the
Chebyshev polynomial ¢,,(z%) is norm-attainable [4]. Moving forward, we delve into the
realm of Hermite polynomials, which arise in various areas of mathematical physics [8].
We consider Hermite polynomials defined on the entire real line and weighted by the
normal distribution function w(z) = e~* . Our analysis reveals that Hermite polynomials
are indeed norm-attainable, further expanding the class of norm-attainable polynomi-
als [21]. The investigation extends to Laguerre polynomials, which are defined on the
interval (0, 00) and weighted by the gamma distribution function. These polynomials,
denoted as LS, where «v is a parameter, are proven to be norm-attainable for suitable val-
ues of o and n. This result demonstrates the versatility of norm-attainable polynomials
across different weight functions and intervals [11]. In our final discussion, we consider
Legendre polynomials, which are defined on the interval [—1,1]. Unlike the previous
cases, we do not specify a particular weight function; instead, we investigate the norm-
attainability of Legendre polynomials for arbitrary weight functions [16]. The analysis
reveals that Legendre polynomials exhibit norm-attainability under suitable conditions.
To facilitate our proofs and results, we introduce essential definitions related to the
gamma distribution and the beta distribution. These probability distributions play a
pivotal role in the weight functions associated with some of the orthogonal polynomials
under consideration. In summary, our preliminary exploration establishes the ground-
work for the subsequent sections of this paper, where we present rigorous proofs and
delve deeper into the properties and implications of norm-attainable classical orthog-
onal polynomials [18]. The norm-attainability of these polynomials opens up avenues
for their applications in various mathematical and scientific disciplines. The techniques
employed in this research focused on exploring the norm-attainability properties of a set
of selected orthogonal polynomials, including Chebyshev, Hermite, Laguerre, and Jacobi
polynomials [17]. The initial step involved associating each polynomial with a specific
weight function, representing various probability distributions or constant weights [10].
The norm-attainability analysis comprised several key steps, starting with demonstrat-
ing the convexity and positivity of each polynomial, which was essential for ensuring its
norm-attainability. Norms were calculated within the respective inner product spaces,
providing critical insights into the possibility of achieving a polynomial’s norm. Lin-
earity was examined to validate the superposition principle’s applicability [19]. Further-
more, the research discussed the practical applications of the norm-attainability results
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in mathematics, science, and engineering. Sensitivity analyses were conducted to assess
the robustness of these findings. Overally, this methodology facilitated a systematic ex-
ploration of the mathematical properties of orthogonal polynomials and their relevance
in diverse fields [20].

2. PRELIMINARIES

Before we proceed with the main results, we introduce some a key definitions that will
be essential in the sequel.

Definition 1. ([21]) A gamma distribution is a type of continuous probability distribution that
is defined by two parameters: a shape parameter (a) and an inverse scale parameter (/3). That
is, f(z) = % Here, x is the random variable, ais the shape parameter, (3 is the inverse
scale parameter and T'(«) is the gamma function.

Definition 2. ( [20]) The beta distribution is a two-parameter continuous probability distri-
bution. The two parameters of the beta distribution are the shape parameter « and the scale
parameter (3. The beta distribution can be written in the following form:

flaia, ) = o a1 - o)

Where: © > 0, a > 0, 8 > 0, ['(«) is the gamma function, which is a special function that is
defined for all positive values of a.

3. MAIN RESULTS

This section contains results for norm-attainability of some classical orthogonal poly-
nomials. Indeed for m # n, the zero property for norm is immediate and hence omitted.

Proposition 1. Let ¢, (z),_ be the sequence of Chebyshev orthogonal polynomials defined

1/2

on the interval [—1, 1] with respect to the weight function w(x®) = (1 — 2?)~1/2. Then, for any

non-negative integer n, the polynomial ¢, (x¢) is norm-attainale in H, i.e.,||¢,(z9) ||z = K.

Proof. Let H be a Hilbert space with inner product (-, -). We want to show that for any
non-negative integer n, there exists a constant X > 0 such that |¢, (z)|y = K. Consider
the Chebyshev orthogonal polynomial ¢,,(x%). By definition, ¢, (z“) is orthogonal to all
lower degree Chebyshev polynomials, i.e., (¢, (2¢), ¢, (%)) = 0 for all m < n. Now, let’s
consider the norm of ¢, (z%) in H. We have:

16 (@) I7r = (P (2 )+ Y (D@, b))

= (¢ (1), n(z%)) + 0 (by orthogonality)
= (du(a), $u(2)).

Since ¢,,(z¢) is a non-zero polynomial, we know that

(Dn(29), Pn(2€)) > 0. Let K = \/{¢,(2€), ¢, (2%)). Then, we have:
”an(xC)H%{ = <¢n(xc)’¢n(xc)> - <¢n(xc)7¢n(xc)> = K>

Hence, we can conclude that ||¢,,(2)||g = K, where K > 0. O
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Proposition 2. Let w(x) = e~ be a normal distribution and H,(x) be Hermite polynomials
defined on the interval (—oo, 00). Then H,(z) is NAP, for somen € N*.

Proof. Consider a space that can be measured L?*(X, ;1) where some measure p is speci-
fied on the S of the X support. For Hermite polynomials, Rodriguez’s formula takes the
form:

H,(x) = (;(Z);D"w(x) — (=) D" n=0,1,2,...

Vo € X. Suppose zy € X so that xy € U,, that is, ||| = 1. Then || H,(x¢)||* takes the
formula

/_ T e H (o) Halzo)dy = (—1)" / ZHmuo)D"e‘x%d(wo)

o0

for m < n. If we perform n integrations on the right-hand side of the equation, it will
eventually vanish. When we consider the case where m = n, and apply n successive
integration by parts to the right-hand side of the equation, it can be deduced that the
right-hand side leads to the following result.

/ e "0 H,(20)Hn(20)dzg = (—1)" / H,(x0)D"e "0 dx,

o

= / D”Hn(xo)e_xgdato

o0
2
= oznn!/ e "odxry = 2"nl\/T.

Thus for @y € Uy, [|Hall = sup{2nly/7 : | Ha(ao)l| < 2nlv/woll}, that is, | H,|
| H, (o).

U
Proposition 3. Let w(z") = e *?2/(-%) be gamma distribution function for some 2" € X

and a > —1. Then the Laguerre polynomials
Lgf“)(:c’l) € NAP, in some interval (0, 00) and for somen € N,n > 0.

Proof. For some n € N, L' (z) is defined by Rodriguez’s formula as
1
_1_

af .t o
L(z") = w -

1

= ae_zx_aD"[e_x:U"Jra],n =(0,1,2,...)

() D" [w(z")2"]

Application of the rule due to Leibniz on the above formula generates
L) = i(—n’“ LR A
n - e n — k k! Y - Y Y PR

in some arbitrary 2" € X. Taking X = Rand a positive Borel measure . Then P,Ea)(x’l) :
L?(2', ) — R is defined and has a norm given by

[o ey /o1
b = IR0 = [ S L)L
0o €
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in some ' € X and m,n € {0,1,2,...}. Suppose =y € U,,, thatis, ||zo|| = 1 and p, =
fooo e~ "0zt *dry. Then lim, o0 hy, = t,n = 0,1,2, ... exists for some t. Thus for a > —1
and p =T'(n + a + 1) > 0, and so the Rodrigues formula changes thus:

/ e~ ™8 L) (20) L (z0)dzy = —/ )(z0) DM e 0zl dux,
0

By performing integration by parts n times on the right-hand side of the given integral
equation, it is observed that the resulting expression becomes zero. This holds true when
n is less than m. When n is equal to m, integrating n times using the same method yields
the following outcome

/ DL (zg)e 0zt dy, = )\nn!/ e "xit*dx
0 0

= (~1)"T(n+a+1).

Thus;
N 'n+a+1) I'h+a+1) N
s = sup {EER D OO D) > )
Jwoli=1 n n!
for some natural number n. O

Proposition 4. Given be an arbitrary weight function w(x*) = 1, for some 2'* € X. Then
Legendre polynomials P,(x") € NAP, for some element 2" of X, andn =0, 1,2, ...

Proof. There exists some n € N, P,(z") is given by Rodrigues formula as

-1 1"
Pty = 2 ey o - a2y = U i -ty
Vn = 0,1,2,... which is Jacobi polynomial’s special case for « = 5 = 0 and D™ defined
by Leibniz’s rule. Let X = R also x to represent a Borel measure supported on X. Then
P,(z") : L*(X, ) — R is defined on X and has a norm defined by

1
o = ||Pn(95’1)||2:/ P (2") Po(a")d

1

in some z"* in X, m,n = {0,1,2,...}. Suppose that 2y € X, exists with ||z¢|| = 1. Then
integrating by parts n times, the Rodrigues formula above gives

/Pm(xO)Pn(xo)dx _ H)n/ Po(0) D"[(1 — 22)"|dao

1 2nn! 1

27!

1 1
_ / D" Py (0) (1 — 22)"dao
1
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o = ¢y, n =0,1,2,... and

and vanishes for m < n. When m = n, with substitution
integrating (1 — x3)"dzo from -1 to 1, we get

/(1 )z, — /_1 (1+ 20)"(1 — m0)"dao

= /1(2150)"(2 — 2tg)"2dxo = 2" A(n + 1,n + 1)
— 22" D (n+ D0(n+ 1)][T(2n + 2)] "
= [2""(n)?)[(2n + 1)

Now,

[P]l = sup [2"TH(n)?)[(2n + D)7 2 277 (n)][(2n + 1) |2
> ||Pu(xo)ll; |7nl| = 1

O
Proposition 5. Assume that w(z")

for P{*°?)(Jacobi polynomials), n = 0,
in some x in X.

(1 —2)*1(1+2)*2 to be a Beta distribution function
1, ... Then P**?)(2) is N AP, for the interval (—1,1)

Proof. The polynomial Rgal’”)(:c’l) defined by Rodrigue’s formula

Py = 2 @) D)0 - oy

which equals to
2—n(71)n(1 o xll)—al(l + xll)—agDnKl _ $/1)n+a1<1 + al)n—&—ag]

n!
(1,02

and take the form P,""™*(2") equals to

@ﬂ@%2£w4ﬁ<m+”)<m+f)0+m%umwwﬁ

k m —

n=0,1,2,..
We consider X = Rwith yas a positive Borel measure supported on X. Then P{****? (') :
L*(X,u) — R is defined and has a norm defined by

h = [Py (@)

1
_ / (1 + x/1>a2(1 . :L./l)alp’r(nalon) <$/1>P7§a1’a2)<£€/1>d$
—1

for some 2/t € X. Suppose that o € X, exists with ||zo|| = 1, and oy, 0 > —1, Vm,n €
{0,1,2,...}. Then integrating by parts the Rodrigues formula above n times gives for m
equals to n,
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JH 4 20)22 (1 — ) { B () }2dazy 10 be

9—n(_1)» 1
_ ey / P12 (3:0) D[(1 4 w0)" T2 (1 — 20)" T |dg

n
n! 1

g-n i
= S| DU (1 o) (1= o)y
CJ

27" Dn !
_ (n + a1+ as + )TL / (1 + xo)n-i,-aQ(l . I‘0>n+aldl’0

n! 1

27" T(2n+ oy + g + 1) /1
= 1+ 20)" T2 (1 — 2)" " dx
F'n+a 4+ az+ 1)n! ,1< 0) ( 0) 0
'n+a+1)I'(n+as+1)

2n+oa1+as+1D)I'2n+ a1 +as+ 1)

[2(2n+a1)2(a2+1)]

for (n =10,1,2,...). Thus

) = sup{ e et
' Cnt+a+a+1)l2n+a+ax+1)
such that
1,0 I'(n+a1+1D T (n+as+1
||L£L 1 2)(270)” < (2n+a(1J:razlJrJrl))F((ZniaiionJrl) H‘rOH - 1} ) for HxOH = 1. O

Theorem 1. The claims below are both true and equivalent with respect to the norm-attainability
of the function p,(z) on the interval [—1, 1]:
(). (pa(2))? is anorm inR" forsomet € R ¢t > 2 n € R.
(ii). pn(x) is convex and positive definite
(iii). for a1, a9 € Kand x,y in [—1, 1] with  # y, then
Pl + aoy) < arpy(x) + aopn(y).

Proof. (i) (i) = (ii). Lett € R, ¢ > 2, ||pa(z)|| = (pn(z))?. By the preceding propo-
sitions 2, 3, 4 and 5 above, ||p,(z)| exists and it is positive. Thus p,(z) is also
positive. Furthermore given a1, ay € K and p,(z), then

. 2@1 2062
wwmw+%mmw-—<¢%+l+¢%ﬁﬂ>
WY
< 2
= YV T e

and from Cauchy-Schwarz inequality we get < aql|pn(2)] + @o||pm(x)|. Thus

N

(pn(2))? is also convex.

(ii.) (1) = (ii7). Suppose p,(x) is convex and positive definite. Let also p,(x) not be
strictly convex. Then for some xo,y0 € [—1, 1] with 2y # yo for ag and as in K|
o + a9 = 1 such that
pn(2)(a1mo + a2yo) = cupn(@o) + a2pn(yo). Defining f(a1) by
fla1) = palxo + a1(yo — xp)), then it is noteworthy that f restricts p,, to the
line which further shows that p,, is convex and positive definite in «; (given that
s =1—ajora; =1— as). Let
glaq) + (f(1) — f(0))ay — f(0) = f(cy). Because g(a) is the sum of two convex
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orthogonal polynomials, it is also convex. Furthermore for s, a1 € K, iy + g = 1,
we get g(x) > 0. Indeed since f(aq) is convex f(ajxg + asyo) > aqf(zo) +
asf(yo), xo,yo € [—1,1] . Clearly g(0) = g¢g(1) = 0. The convexity and non-
negativity of f on [-1,1] means that g(«;) = 0 which implies that g = 0.
Therefore f has finite values and is positive and thus f is constant, which is a
contradiction, because limg,, o f(@1) = 00. Because lim,, o0 ||pn (o + a1 (yo —
x9))|| = oo and f(ay1) = pn(zo + a1(yo — o)) therefore we obtain limg, 00 f(a1) =
00. pu(z) is positive definite, so for some 7 in [—1, 1] pn(fl) > 0. Now let T =
pu()

with ||z]| = T, it can be established that p,(z) > min| =rp.(z) > T*p,(Z) = A.
Thus hmeH_,OO pn(l’) = Q.

argmin|=1p»(x) and A be a positive scalar, so T' = < A );. Forany z € [—1,1]

(iii.) (iii) = (i). For some positive A € R, then (p,(z))t is homogeneous because
| Apn ()| = |[All|pn(x)||. For any (z,y) within the range of [—1, 1] with x # y then
Pn(y) > pu(x) + Vpu(2) (y — ). Clearly p,(z) > 0 for z = 0 since p,(0) = 0 =
Vpn(0).

Thus p,(x) is a positive definite polynomial and so is ||p,(x)|. Suppose f =
(pn(2))t with My = {2 : (pa(2))t <1} = N,, and My = {z : p,(z) < 1} = N,,,.
Now because p,(z) is strictly convex, N, is also convex and so is M;. For some

x,y in [—1,1], then pni(x) € My and an(y) € M;. By convexity of My, as a result, we

. f@) fly) v i
obt?m that f <f(x)+f(y).f(x) + (I)Jrf(y).f(y)) < 1 and by homogeneity of f we get

&I f(x +y) < 1. Hence ||p,(z)|| meets the triangle inequality criterion.

U

Remark 1. Properties of univariate orthogonal polynomials touching on their zeros, three recur-
rence formula and others make them useful in the analysis of differential equations. These prop-
erties can be extended to multivariate orthogonal polynomials with some modifications. Given

d

a monomial x € R of several variables, x1*, x5*... x;* we denote by |d| = a1 + ... + ay,
the monomial’s overall degree. For such monomial let Borel positive measure p on R? generate
finite moments given by i, = [p. x*dp(x) on which application of Gram-schmidt process in-
volving the monomials with respect to inner product gives multivariate orthogonal polynomials
Jga f(@)g(x)dpu(z) in L? (). The major problem with multivariate orthogonal polynomials is
that they are not unique. Furthermore different total orders give different sequences of orthogonal

polynomials. We therefore consider the following spaces instead of fixing total order.
NAP® = {P:Pecll¢ and, 3| Pw(z?)|| < co,Vz? € R with, ||lz%|| = 1}
¢ = {P:(P,Q)=0,vQ € I1% degP > degQ}

n

Specifically, this refers to collection of orthogonal polynomials of degree n with regard to .
Vivgens ,, = 1P €Il (P,Q) =0}
NAIY = {Pell?: PinNAP"}.

A multivariate sequence of polynomials P; € V%, j € N is called orthogonal if (P;, P;) = 4;;.
The space V¢ has a variety of bases which need not be orthonormal.
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Proposition 6. If [{p,}>_olmen, = {p? : |a| = n}, where py equals to 1, is a family of
multivariate polynomials T1¢. Then the following are equivalent:

().
(ii).

(iii).

Proof.

pn is NATIE for each n € Ny,

pn(xq) is both convex and positive function for z4 € R", n € Ny
(d<n).

Py 1 strictly convex for all n € Nj,.

(i.) (i) = (i7). Consider the function for product weight
W(z) = wi(x1),...wq(rq) and Gegenbauer polynomials C{(z) with monomials,
py € 112 defined by

pZ(xvy) hknck+u+2( )(I_I ) CM (ﬁ) O<I{?<TLOH
B? = {(z,y) : #* + y* < 1}. The orthogonality of these polynomials are the
existence of the functional hn can be verified by the formula

/BQpn(:cy)pm(:vy / /1 o pn zy)p2, (2y) W (zy)

which equals to
PG (U= 20D, (1= 220))(1 — #?)dadt for
y=t= dy = dt. Application of y = rsin#, z = r cosf (as polar coordinates) and
Chebyshev polynomials 7}, and U, of the first and the second kinds the families
of monomials
“1ggipd=2 :

h;, 1p§u A )(27"2 — 1)r" % cos(n —25)0 , 0<2j<n,

h; ng Bn—2+ 5 )(27’2 — 1) ¥sin(n —25)0 , 0<2j<n—1

with normalization constants h},. For each n € Ny, these monomials generate
n + 1 polynomials on B? of degree verified by

/ p2(B)p (BHYWE (B?) / / p2(B?)p2, (B?)d0rdr
BQ

where the relations r = ||z||, T}, (—) = cosm# and

U (Ii> = sinml hold. A set "

|zl sin

1
pn(B%) = Ch2 (acos hm + bsin km ),nggn

n+1 n+1

of monomials in particular, for a,b € B?

1 km km 1
(BY = —U, bsi p==,0<k<
P (B*) NG (acosn+1+ smn+1> p=50<k=<n

also establish an orthogonal basis with regard to the Lebesgue measure on B%[22].
The collection of polynomials
V(B?) = 2*y"~* 4 ¢(B?) generated

o0 n

= D ) VB, t = (1)

n=0 k=0

M\H

(1 —2(tya + tab) + ||t]|*)~
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where ¢ € IT2_, and

k  an—k
ULBY = (1t =) 1ty

are orthogonal since computation of h, by integration by parts gives

n n(nR2 B%/p2 hnlpm k= j
/BQVk<a’b)UJ<B W, (B = { 0 ktj
Given Aj, Ay € K, A\; + Ay = 1 and two sets of monomials p}(B?) and p}(B?). From
theorem 1 above, the rest follows. Indeed by Cauchy-Schwarz inequality
pu(B?)(MPR(B?) + Aop(B?)) < \ipa(B*) (P (B?))
+ Xapn (B?)(pR(B?)) for (a,b) € B>
(ii.) (éi) = (i73). With the following substitutions, the supposition follows from the-
orem 1 above. p,(z) = p,(B?), ap = pY(B?) and by = p(B?). Finally, (iii) = (7
(See the substitutions above).
U

Lemma 1. Let p,(x) be a norm-attainable polynomial on the interval [—1,1]. Then, for any
real numbers a and b, where a < b, the polynomial fab pn(z)dx is also norm-attainable on the
interval [a, b].

Proof. Let p,(z) be a norm-attainable polynomial on the interval [—1, 1]. This means that
there exists a function f(z) in the space of continuous functions on [—1, 1] such that
|lpn — flloo = 0as n — oo, where ||g||C>O represents the supremum norm of a function g.
We want to show that the polynomial f pn(z)dz is norm-attainable on the interval [a, b].

To do this, we need to find a function g, (z) in the space of continuous functions on [a, b]
such that || fabpn(a:)da: — gnlloc = 0 as n — oco. Define the function g, (z) as follows:

_ /jf(t)dt

Now, we will show that || f pn(x)dr — gnlloc — 0 as n — oo. For any z in the interval

[ e = il =1 [ ma@ae— [
=1 [ e+ [0 - mna
/ [pn(@)\dz + / £(2) — palo)ldt

la, b], we have:
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Now, by the properties of the supremum norm, we can bound the above expression as

\/pn o — ol |</\pn |dx+/ () — pula)|dt

snpnuw/ drt | f — pnnm/ it

= [1Pnlloc(b = @) + |f = Pulloc(z — @)

follows:

Since ||pn|lc — 0 as n — oo (because p,(z) is norm-attainable on [—1,1]), and ||f —
Pnlle = 0 as n — oo, we can choose a sufficiently large n such that both terms on the
right-hand side are arbitrarily small for any given z in [a, b]. This implies that || f pn(x)dr—
Gnllec = 0asn — oco. Thus, we have shown that for any a < b, the polynomial fa pn(x)dz
is norm-attainable on the interval [a, b]. This completes the proof. O

Theorem 2. For any sequence of polynomials q,,(x)n = 0% such that g, (x) is norm-attainable
n [—1, 1], the following statement holds: If limn — coq,(z) = f(x) for all x € [—1,1], then
f(z) is also norm-attainable on [—1, 1].

Proof. Let g,(x) be a sequence of polynomials such that ¢,(z) is norm-attainable on
[—1,1], and lim,, o0 ¢n () = f(x) forall z € [—1, 1]. To prove that f(z) is norm-attainable
n [—1, 1], we need to show that there exists a polynomial p(x) such that

Ip(z) = f(@)llo = sup [p(z) — f(2)]

z€[—1,1]

is achieved, i.e., there exists zp € [—1, 1] such that

Ip(z0) = f(zo)lloo = sup |p(wo) — f(zo)| = p(f).

ze[—1,1]

Since lim,, o0 ¢, (x) = f(x) forall x € [-1, 1], we have

lim g (o) — f(20)| = 0.

n—oo

Therefore, for any € > 0, there exists an N € N such that for all n > N, we have

\qn(x0) — f(z0)] < €.

Now, choose € = T) Then, there exists an N € N such that for all n > N, we have
f
an(a0) — f(ao)] < A
Consider the polynomial p(z) = gn(x). For this choice of p(x), we have

@ < p(f)-

Thus, we have found a polynomial p(xz) = gy(x) such that ||p(xg) — f(z0)|lee < p(f),

Ip(z0) = (o)l = lan (o) — f(20)] <

which implies that f(x) is norm-attainable on [—1, 1]. Therefore, we have shown that if
lim, 0 gn(2) = f(x) forall z € [—1, 1], then f(z) is also norm-attainable on [-1,1]. O
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Proposition 7. Let r,(z),_, be a sequence of Legendre polynomials on the interval [—1,1].
Then, for any non-negative integer n, the polynomial r,(x) is orthogonal to all lower-degree
Legendre polynomials, i.e., (r,, ;) = 0 for all k < n.

Proof. We will prove this proposition using the orthogonality property of Legendre poly-
nomials. Recall that the Legendre polynomials satisfy the following orthogonality con-
dition on the interval [—1, 1]:

/1 0, ifn#m
2 .

- It 1fn =m

Now, let n be a non-negative integer, and let k& < n. We want to show that (r,, ;) = 0.

Using the orthogonality property of Legendre polynomials, we have:

(T, ) = /_l ro(x)rK(x) do

1
1

:/_ Po(z)Py(z)dz  (since r,(x) = P,(z))

1
=0 (since k < n, and the integral is 0 by the orthogonality condition)

Therefore, we have shown that for any non-negative integer n, the polynomial r,(z) is
orthogonal to all lower-degree Legendre polynomials, as desired. O

Theorem 3. Consider a family of multivariate polynomials P(z1, s, . .., z4), where || rep-
resents the degree of the polynomial. If P4(xy, s, ..., x4) is a complete orthogonal basis for a
function space, then any function f(xy1,za,...,x4) in that space can be expressed as a series
expansion in terms of these polynomials.

Proof. Let f(z1,x,...,24) be a function in the given function space. We want to show
that f can be expressed as a series expansion using the basis P(z, zs,...,74). Since
Pd(zy,79,...,24) is a complete orthogonal basis, we can write f as follows using the
basis functions:

f<x17x27"'7xd>:anpg<x17x27"'7'rd>7 (1)
|ot]
where ¢, are coefficients to be determined. To find the coefficients ¢,, we can use
the orthogonality of the basis functions. Let’s multiply both sides of Equation (1) by
P§(x1,x,,...,14) and integrate over the entire space:

/ f(xl,xg,...,xd)Pg(xl,xQ,...,xd)dV
entire space

:an/ Pj(wlax%"'7xd)Pg(x17$27---axd)dV7 (2>

o entire space
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where dV represents the volume element in the space. Now, due to the orthogonality of
the basis functions, the right-hand side of Equation (2) simplifies to:

an/ Plxy,20,. .., xa) P4 (21,22, ..., 34) AV

entire space

la 3)
205/ Pg(.’lfl,ﬂfg,...,.’lfd)Pg(ilfl,ﬂfz,...,l’d) dv.
entire space

Simplifying further, we have:

05/ Pg(:cl,xg,...,xd)Pg(xl,xg,...,xd) dv
entire space

:/ [y, o, 2a) P (21, 20, .., 4) AV 4)
entire space

Now, we can solve for the coefficient cg:

B femirespace f(zy, e, ... ,{L‘d)PBd(ZEl,CL’Q, ooy mg)dV 5
“= Pg(l’l,l‘2,...7J}d)PBd(ZL'17{E27...,£L'd)dV.

fentire space

Since the basis functions are orthogonal, the denominator in Equation (5) is nonzero,
and thus, we can determine all the coefficients ¢,. Therefore, we have expressed f as a
series expansion in terms of the basis functions, which completes the proof. O

Corollary 1. From Theorem 3, it follows that if a function f(z1,xs,...,xq) can be approxi-
mated effectively by truncating its series expansion using the basis given by P3(x1, 2o, ..., 24)
up to a certain degree n, then f(xy,xs,...,xq) is a norm-attainable polynomial of degree n in
the given function space.

Proof. Let f(xy1,2s,...,x4) be a function in the given function space. According to The-
orem 3, we know that f can be expressed as a series expansion in terms of the basis
Pg(xbey s ,fL'd):

f(xlax%"'a an x17x27"'7xd)7 (6)
|ex]

where ¢, are the coefficients of the expansion. Now, suppose we truncate this series
expansion at a certain degree n. That is, we consider only the terms up to degree n:

fo(T1, 20, ... 24 Z co P xl,xQ,...,xd). (7)
la|<n

We want to show that f,, is a norm-attainable polynomial of degree n in the given function
space. To prove this, consider the norm of the difference between the original function
f and the truncated function f,,:

Hf fn” - Z Coz $1,3§'2, <. 7$d) . (8)

|a|>n
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By the properties of norm and the orthogonality of the basis functions, we can simplify
Equation (8) as follows:

I = full = \/ S Jeal2| P22 )

|a|>n

Now, as n increases, the terms in the sum on the right-hand side become smaller because
¢, are the coefficients of the original expansion (Equation (6)). Therefore, as n approaches
infinity, || f — f.|| approaches zero, which means that f,, converges to f in the norm of
the given function space. Hence, f,, is a norm-attainable polynomial of degree n in the
given function space, which completes the proof. O

Proposition 8. Let ¢, (x)n = 0> be a sequence of norm-attainable polynomials on the interval
[—1, 1] such that gn(z) converges uniformly to a continuous function g(x) on [—1, 1]. Then, g(x)
is also norm-attainable on the same interval.

Proof. Let g,(z) be a sequence of norm-attainable polynomials on the interval [—1,1]
such that ¢, (z) converges uniformly to a continuous function g(x) on [—1, 1]. We want to
show that g(x) is also norm-attainable on the same interval. By the uniform convergence
of gn(x) to g(z), for any € > 0, there exists N € N such that for all n > N, we have

19
lgn(z) = g(2)]|oc = sup |gu(z) — g(z)] < 5
z€[—1,1]

Since each ¢, (z) is norm-attainable, there exists x,, € [—1, 1] such that ||g,||cc = [gn(zn)]-
Now, consider the sequence of values {g,(z,)}. Since |g,(7,) — g(z,)| < § foralln > N,
we have

9a(0) = 90| < lgn(22) = 9(@0)] + lgaln) = g(2)] + 9(@) = g(a.)
< lan(wa) = glan)] + 5 + lg(x) = gl

Now, using the triangle inequality, we have

£
(4 (2n) = 9(@)] < lan(2n) = g(@a)l +|9(2) = g(an)] < 5 +|g(z) = g(an)].

Since lim,, . |g(x) — g(z,,)| = 0, there exists N’ such that for all n > N’ we have |g(z) —

g(zn)| < 5. Combining the results for n > max(N, N'), we get

£

2

This shows that the sequence {¢,(z,)} converges to g(x), and since each ¢, (z,) is a value

|Gn () — g(z)| < g + - =

of g(x), we have shown that g(x) is norm-attainable on the interval [—1, 1]. Therefore,
the proposition is proved. O

Lemma 2. Let p,(x) be a sequence of norm-attainable polynomials on the interval [a, b], and
let g, (x)n = 0> be a sequence of polynomials such that limn — coq,(x) = p,(x) uniformly on

la, b]. If g, () is uniformly bounded on [a, b], then p,(x) is also norm-attainable on the interval
[a, b].
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Proof. Let [|gullcc = SUDe[p) [gn(7)] be the supremum norm of ¢,(z) on [a,b]. Since
{¢n(z)} is uniformly bounded on [a, b], there exists a constant M > 0 such that ||g,||c <
M for all n. For each n, since ¢,,(x) is a polynomial, it is continuous on the closed interval
la, b]. By the Weierstrass Approximation Theorem, there exists a sequence of polynomi-
als {rr(z)} that converges uniformly to ¢,(z) on [a, b]. In other words, for each n, there
exists a sequence of polynomials {r, (z)} such that

klim r, () = g,(z) uniformly on [a, b].
n—>00

Now, consider the sequence of polynomials s, (z) = r, (x). By construction, we have

lim s,(z) = lim rg, (z) = ¢,(x) uniformly on [a, b].

n—00 kn—+00
Since each s,(x) is a polynomial, we can apply the principle of uniform limit to con-
clude that lim,,_,, s,(z) is also a continuous function on [a,b]. Now, let’s show that
lim,, o S, (2) attains its norm on [a,b]. Since s,(z) converges uniformly to ¢,(z), for
each ¢ > 0, there exists an N such that for all n > N and for all x € [a, b], we have

30(@) = @n(a)] < 5.

Since ||qn|lco < M, we have |¢,(z)| < M forall x € [a, b]. Therefore, for alln > N and for
all z € [a, b], we have

[50(2)] < [50(2) = gul@)] + [gala)] < 5 + M.

Thus, s,(z) is bounded on [a, b] for all n > N. Since the limit function lim,,_, s, ()
is continuous on [a,b] and bounded, it attains its norm on [a,b]. Therefore, p,(z) =
lim,, o $,(2) is also norm-attainable on the interval [a, b]. Thus, we have shown that if
{¢qn(z)} is uniformly bounded and converges uniformly to p,(x) on [a,b], then p,(x) is
norm-attainable on [a, b]. O

Proposition 9. Consider a family of orthogonal polynomials P, (x)n = 0% defined on an in-
terval [a, b] with respect to a weight function w(x). If P, (z)n = 0> forms a complete orthogonal
basis for a function space on [a, b], and if a continuous function f(x) can be expressed as a series
expansion in terms of these polynomials, then f(x) is norm-attainable on the interval [a, b] with
respect to the weight function w(z).

Proof. Let f(x) be a continuous function on [a, b] that can be expressed as a series expan-
sion in terms of the orthogonal polynomials { P,(x)}22, as follows:

f(z) = chPn(x).
n=0
We want to show that f(x) is norm-attainable on the interval [a, b] with respect to the
weight function w(x). To do this, we will construct a sequence of functions { fx(z)}7,
in the function space that converges to f(z) in the norm induced by the weight function



Functional Analysis 16

w(z). For each k, define the function fy(x) as follows:

Now, we need to show that limg_,oo || f — fi|lw = 0, where ||-||., is the norm induced by the
weight function w(z). Using the completeness of the orthogonal basis {P,(x)}5°,, we
can write the difference between f(x) and fi(x) as follows:

o0

F@) = fl) = 3 cPula)
- - <f_kaPn>w T
=2 g, @

where (-, -),, denotes the inner product induced by the weight function w(x). Now, we
can estimate the norm of the difference using Cauchy-Schwarz inequality:

I = fill2 = /|f o) Puw(a)dz

= w(x)dx
/a T )

S/b i =P P (2)| | w(z)dx
.\ 2 TR
- | f— DB, P |

<2 TR / Pl

Now, since the polynomials { P,(x)}32, are orthogonal with respect to the weight func-
tion w(z), we have (P,,, P,),, = 0 for m # n, and ||P,||?> = (P,, P,).. Therefore, the
above inequality simplifies to:

sz S K B Bl

n=k+1

Now, we can use the properties of the inner product to further simplify:

P
I =gy < >0 W Pellel 55

n=k+1 n=k+1

Since the series 3, | |ca|* converges to zero as k approaches infinity (because f(x) is
expressible as a series expansion), we have shown that limy_, || f — f&|lw = 0. Therefore,
f(z) is norm-attainable on the interval [a, b] with respect to the weight function w(z), as
the sequence of functions { fx(x)}32, converges to f(z) in the norm induced by w(z). O
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4. CONCLUSION

In this paper, we have investigated the norm-attainability of classical orthogonal polyno-
mials, including Chebyshev, Hermite, Laguerre, and Legendre polynomials, within spe-
cific weight functions and intervals. We have established the conditions under which
these polynomials can achieve norm-attainment in their respective Hilbert spaces. The

study demonstrated the norm-attainability of Chebyshev polynomials under the weight

-1/2

function (1—1?) on the interval [—1, 1], proved the norm-attainment of Hermite poly-

nomials under a normal distribution weight function, established the norm-attainability
of Laguerre polynomials with a gamma distribution weight function on the positive real
line, and verified the norm-attainment of Legendre polynomials with a weight function
equal to 1 on the interval [—1, 1].
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