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ABSTRACT. In most literature, the decomposition of positive maps from M3 to M, are
discussed where the matrix elements are complex numbers. In this paper we construct
a positive maps ®(, ¢, ¢,y from M3(C) to M3(M;(C)). The Choi matrices for com-
plete positivity and complete copositivity ares visualized as tensor matrix M3z ® My with
M3 (C) as the entry elements. The construction allow us describe decomposability on
positive semidefinite matrices.

1. INTRODUCTION

Positive linear maps on C*-algebras particularly those of finite dimensions have been
very important in quantum information theory and quantum channels. Stinespring [6]
initiated the concept of completely positive maps with his representation(or dilation)
theorem. Arveson in [1] and [2] found the application of completely positive maps in
operator theory and further developed extensively in operator algebra and mathematical
physics. Woronowicz [11], Theorem 3.1.6 showed that every positive linear map ® form
M;3(C) to M,,,(C) is decomposable if and only if m < 3. In [7], [8] and [9] Theorem 1,
Stgrmer gives conditions for decomposability of positive maps; For A be a C*-algebra
and linear map @ is decomposable if and only if for all n € N whenever (z;;) and (z;;)
belong to M,,(A)*. Choi [4] gave the first example of indecomposable map, for a 3-
dimension case.

Yang, Leung and Tang [12] showed that every 2-positive linear map from Mj(C) to
M;3(C) is decomposable. Though we are motivated by the question in [12] that enquire
if there exist indecomposable 2-positive maps from M;3(C) to M, (C)), we show there is
a decomposable positive map from Mj3(C) to Mzy(Mz(C)).

In most literature, the authors have studied case M3 to My where the matrix elements
are complex numbers. In this paper we construct a positive maps ®(, ., «,) from M3(C)
to My where the matrix elements of M is a 2 x 2 positive matrix Ms(C). We find
conditions on the triplet p, ¢y, ¢o for which the map is positive, completely positive, 2-
positive and decomposable.
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A matrix X € M, (C) is called positive semi-definite if it is hermitian and all its
eigenvalues are positive. It is denoted as X > 0. The set of all positive semi-definite
matrices in M,,(C) is denoted by M,,(C)*. Let the identity map on and the transpose
map on M,,(C)" be denoted by Z,, and 7,, respectively. A linear map ® is from M,,(C) to
M, (C) is called positive if ®(M,,(C))* € M,,(C)*. A map ® from M, (C) to M,,(C)
is k—positive if Z® & : M, @ M,, — M, ® M,, is positive. On the other hand, ® from
M, (C) to M,,,(C) is k—copositive if the map 7, P : MM, — M} ® M,, is positive.
The Choi result in [3] affirms that the positive map ® is completely positive if and only
if it’s Choi matrix is positive semidefinite.

2. POSITIVITY

Let X € M,(C) be a positive semidefinite matrix denoted by X = [z;z,], where
z; = (x1,...,2,)" € C"is a column vector and Z; is the transpose conjugate(row vector)
of z;. We denote the diagonal entries z,,7,, by .

Let X € M3 be a positive semidefinite matrix with complex entries. Let 0 < p < 1,
c1,c2 > 0and r € N. Then we define the family of positive maps ®(,., .,) as follows:

(I)(M,Q,CQ) : M3(C)+ — MQ(M2)C)+-

P —C171%2 0 — X1 T3
X —C1T9T1 Py —CoT9T3 0 | 2.0.1)
0 —CoT3To Pl 0
— 3Ty 0 0 Py
where

Pl = p"(oq + craou” 4 coazp”)
Py = p(ag+ crazp” 4 cooqp”)
Py = p"(oq + s+ as)

Pl = p(as+ cragp” 4 coaap”)

The matrix @, ., ¢,)(X) is visualized as a 2 x 2 block matrix in My(M(C)).
The linear map ® is uniquely determined by the polynomial function:

F(z,2) == v®(z;7;)v"
as a biquadratic function in x := (x, z9,23) and v := (v, v2,v3,v4). The map & is posi-
tive if and only if the biquadratic form F(z, x) is a sum of squares (positive semi-definite).
We characterize of the positivity of the map ® for v = (vy,v2,v3,v4) € R*and ¢t € C.

Lemma 2.1. Let 0 < p < 1 and ¢y, ¢co > 0. Then the function

F(v1,09,03,v4,t) = p~"(1+cip” + et )of + =" (L+ eltlpn” + cap” v + p~" (2 + |t])v3
Fu (] F erp” F cap”)vE — 2c1v109 — 2coR (1) v — 2uR(t)v1v4
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is positive semidefinite for every vy, va,v3,v4 € Rand t € C if and only if the following two
conditions are satisfied:

wr> . (2.0.2)
> co. (2.0.3)

Proof. 1f v; = 0. Then,
F(071)271}3,’U4,t)

P (L et + eop” o3 + 7T (2 [E)03 + p T ([H e’ + cop” ot — 2eaR(t)vavs
(erlt] + e2)vd + 207 05 4 T ([t + erp” + cop”)of + (1703 — 209030 R(E) + p 7 [t[vF)
(calt] + ea)vs + " (Jt] + crp” + cop”)oF + 7" (va — pleaR(t)vs)? + (2pT" + pT [ — T GR(E)? )03

F(0,vq,v3,v4,t) is positive when the coefficient of v? satisfy the inequality,
(2 4 [t]) — aR3(t)* > 0. (2.0.4)
Letting t = = + iy. We have that,

PR =GR = 27 4 (T (2 + [yl — 2?e3)
= 27+ Ty 4 [P (07 - )

is positive whenever =" > ¢, hold.

If vy = 0. Then,
F(”U1,0,'Ug,’l)4,t)

P (Lt eip” + eolt|p v} + T2 [E)o3 + (1 A+ e’ + cop”)of — 2uR(t)vrva

= p (e Feoltlp)of + T2 4 [#)03 4+ T (" + eop ot + (10 = 2010apR(E) + T [tof)
p (e + et ) + (2 + [E)05 4 pTT (" + cap )i 4 T (v — p TR va)? 4 T (Jt]

—pFPER(t)?)

> 0.

If v3 = 0. Then,
F(’l}]7’l)270,’l)4,t)

P (L4 cip” + eoltp)v? + T (U et + cop")oy + T ([E A+ ep” + cop” ot — 2e1v102
—2uR(t)v1vy

= coltlo} + 7 (14 cop")v3 + (1 + ea)vi + (T 0F — 20104uR(E) + p7 " [tv]) + 1 (0] — 20102 + [t[03)
= coltfo} + p 7T (1 4 cop”)v3 + (e1 + c2)vf + " (v1 — ! TTR()a)?

FuT ([t = TR0 + ea (o1 — v2)? + e ([t~ 1)vd

F(vy,v9,0,v4,t) is positive whenever =" — ¢; > 0 hold. That is, the coefficients of v2 is
such that,

pw e ta(t|—-1) = (0" —ca)+ea+alt >0. (2.0.5)
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If v, = 0. Then,
F(’Ul,’UQ,’U?,,O,t)

= (4 ey + ot )P+ (14 |t F cop”)vs 4+ (2 + \t|)v§ — 2¢101v9 — 2¢oR(t)vavs

= (L coltu ot + covd 4 20705 + ea (0] — 20102 + [H[v3) + (17705 — 2e2R(t)vvs + p T [E[V3)
= (L colt|p)vf + covd + 20705+ er(vr = v2)? +er ([HF = 1)vg + p T (v2 — pleaR(t)vs)?

+(u |t — pBR(E)?)vs
> 0

whenever the inequalities (2.0.4) and (2.0.5) hold.

Now let v; # 0,7 = 1,2,3,4 and assume that there exist vy, v, v3,v4 € Rand ¢t € C such

that v; # 0 and F(vy, v, v3,v4,t) < 0. Since 0 < p < 1 and ¢, ¢; > 0. Then,

F(U17U2,U3, V4, t)

= wT (U ep” F et + pT (L et 4 cop”)vd 4 7T (2 ()03 + T ([ + e’ + cop” v}

—2c1v1v9 — 2¢oR(t)vavg — 2uR(t)v1v4

= pf T 4 20708 A+ (e 4 e o; 4 er(vr — v2)? + ea ([t — 1)o3 4+ 1T (02 — peaR(E)vs)?

Tt = " ER(?)03 + T (0r = p TR va)? + (T — TR0

< 0

is a contradiction when the inequalities (2.0.4) and (2.0.5) hold . Thus F'(vy, vq, v3, vy, 1) >

0 for every vy, v, v3,v4 € Randt € C

g

Proposition 2.2. The linear map @, ., is positive provided Lemma 2.1 is satisfied. are

satisfied.

Proof. We need to show that,

q
) s ( g st ) e M}
t
for every ¢, s,t € C.
Thai is. ’
o P —cig5| 0 —pqt v
Vg —c18q Py | —cest 0 vl
(R} 0 —Cgtg Péu 0 U3 B
V4 —utq 0 0 Py Uy
where,
Pl = p7 (g + ealsPu” + caltu”)
P = p7(|sP? + cdltlp” + ealgPu”)
Py = (gl + [s] + [t])

Py = p7(Jt] + arlgPu” + ol sPu”)

for every vy, v, v3,v4 € Rand ¢, s,t € C.
Taking ¢ = s = 0.

F (01,03, 03,04, t) = cyp”"[to} + ca[t|vd + p 7 [tof + 7" [t[of > 0.

(2.0.6)
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If ¢ = 0. Since 0 < p < 1, by inequality (2.0.4),
F(Ula Vg, U3, V4, t)

= (v + ealt)v] + p 7" (U4 ea|t)od + 7" (14 [tz + (77|t + c2)v} — 2R(t)vavs
> 0.

If s =0,

F(Ula V2, V3, V4, t)

= (14 colt))v? + (ealt] + e2)vd + p (1 + [t))of + 7" ([t] + cop”)vi — 2uR(E)vrv
= lt|o] + (arlt] + c2)vy + p (1 + [t))vs + crvf + p7" (00 — pTR(E)0)?

+(u T = TR0
> 0.

If ¢ and s are not equal to zero. Assume that ¢ = s = 1. Then, by Lemma 2.1
1o 1 ( 117 ) 2> 0

since the polynomial,

F(v1,v9,v3,04,1)

= (e + et 4 (U et + cop” o5 4+ (24 |03
([t F e F cop” vt — 210109 — 26, R(t)vvs — 2uR(t)v1vy

= @i T e = ve)? ([ = D)vy + (2T + T = TR
" (vg = peaR(t)vs)? + T (01— TR(E)va)? + (177 (e + e + Jt])
— 2 TR()? o]

> 0

for every v = (vy, v2,v3,v4) € R*and t € C 0O

3. COMPLETE (CO)POSITIVITY

The structure of the Choi matrix Ca,, o1es

, € M3(M3z(M,)) is visualized as a block

matrix whose entries are 2 x 2 matrices within the 6 x 6 matrix.

Proposition 3.1. Let 1), ,) a positive map. The following are equivalent:

(i) @(y,e1,c0) s completely positive,
(ii) @(y,e1,c0) 1S 2-positive and,
(iii) =% > cf + c2.
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Proof. (i1) = (ii).
Assume @, ., ., is 2-positive. Then,.

-

[ —a | . —p
Ca
/JLfr
. . . C1 . . . .
IQ ® (P([,L,Cl702)(X) = (301)
. . . . C1 . .
—-c1 . . A &)
_C2 IU/_T
—u . . - . ooopr
in My(Msy ® My) is positive semidefinite. Therefore,
pto—a 0 —p
_ -r _ O
a pheTe >0 (3.0.2)

By calculation of minors, 4" > ¢; and =% > ¢ + ¢ are necessary conditions for 2-
positivity of @, ¢, c,)-
The Choi matrix is

12 —C1 . . . . . — M
Co
,LL_T
C1
1
—C1 . . . . ,LL_T . . . . —C9
Pueren) M,T (303)
C2
Ca
C1
—C2 . . . Sl pT
in M3(M2 ® Mg)

Recall that complete positivity of ®(,., ., is equivalent to positive definiteness [3] of

Cq’w,cl,cQ)' Since (iii) is satisfied, the inequality (3.0.2) holds, and consequently C’@(u’q@) is

positive definite. Hence, complete positivity of 1), c,) follows.

It follows from Proposition 3.1 that 2-positivity of ®(, ., .,) implies complete positivity.
U
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The Partial Positive transposition is operated with respect to the blocks My as the entry
elements of the matrix M3(My). This leads to the Choi matrix Cg(# € Ms(My)

»€1,62
with the structure given in the next proposition.

Proposition 3.2. Let 1)((,,c, c,) be a positive map. Then following conditions are equivalent:

(i) P(y,e1,c0) is completely copositive,
(i) P(y,e1.c0) IS 2-copositive and,
(i) crp™™ > 3

Proof. (i1) = (ii).
Assume @, ., ., is 2-copositive. Then,
pr -

Co

&1

T2 ® q)(u,cl,cz)(X) = (304)

C1 . . —C9

—Cy . . %

in My(Msy ® My) is positive semidefinite with the minors positive when conditions in
(7i7) holds.
The choi matrix,

—C

C2

(&1

C1

r

Puerien)

—c1

C2

—Ca

—c9

C2

Cy.

(3.0.5)

in M3(My® Ms). Since (iii) is satisfied, by calculation of the minor, C’g(wlﬂq) is positive
semidefinite when =" > ¢; holds. Hence, complete copositivity follows.

(i) = (i) follows from Proposition 2.2 that 2-positivity of ®(,, .,) implies complete
positivity. 4



Functional Analysis 8

Example 3.3. Whenr =3, = 3,¢; = 1 and ¢; = 2. Then,

8 0/0 0|0 —=1]/0 0f0 O[O0 —3

0 2/0 0f0 0 (0 0[O0 O] 0 O

0 0/8 00 0 [0 O[O0 O[]0 O

0 0/0 10 0 (0 0[O0 O] 0 O

0 0/0 01 00 O0f0 O[]0 O
| -1 0j0 0]f0 8 |0 0[O0 O|-2 0
*de2 71 0 0lo 0fo o8 0foo0lo o0
0 0/0 00 00 2[0 0[]0 O

0 0/0 0f0 00 O0f20[0 O

0 0/0 0f0 0 [0 O0f0 1|0 O

0 0/0 00 —2(0 0f0 0] 8 0
—2 0(0 0[O0 0|0 O||0 O] 0O 8

with eigenvalues
{10.2477,8.4449, 8., 8., 7.5551,5.75232, 2., 2., 2., 1., 1., 1.}

and

|
—
o O

N |#—=

OO OO o

r —1
LR

N OO OIS OO O
S| O OO oo O

OO OO O oo O

|
N\

N[ =

O OO OO OO0 O|lo ol O
O OO OO 0O OoO|lo oo O
O 0| O OO OO Ol oo O
0 OO OO OO0 O|lo oo O

S OO OO O o O||l+w Ol O
S OO OO OO0 RO OO O

S OO OO Oj OO oo
|
\}

S O~ OO OO0 OO

o OO OoO||lo o
o O

o OO

S OO N

with eigenvalues
{9.,8.03553,8.,8.,8.,7.,4.,2.,1.,1.,0.964466, 0. }

4. DECOMPOSABILITY OF ¥, ., ,)

A positive linear map is decomposable if it is the sum of a completely positive linear
map and a completely copositive linear map. The result of Choi [3] shows that a positive
linear map ® from M, to M,, is decomposable if and only if there exist n x m matrices
v; and W such that,

O(X) = VXV + W XTW>
for every X in M,,, where T is the transpose of X.



Proposition 4.1. The linear map ®(,, ., ,) is decomposable.

Proof. Letn,& € (0,1) and a;,b; € RT fori = 1,2 such that ™" + & = =" and a; + b; = ¢;. We show that there exist 2-positive map D(,a1,a0) and
2-copositive map ® (¢, 5,) whose sum is @, ., ). Let C<I><,4,cl,<;2) be
nr+ET . —(a1 +b1) —qu
(az + b2) . . . )
N+ : —(1=q)u
(a1 +b1) : )
. (Cll + b1) .
7(&1 + bl) 7777” + 577” . —a2
- 40.1
. . n "4+ . . ( )
(ag + ba) —by
. —ba (az + b2)
—(1—qpu (a1 + by). .
. . —as . n €T .
—qp e
in M3(Mz(M3)C) give be the sum of;
n" —a —qu
a9 .
/'7_7'
ai
al .
- —aq n-" . —as
P(,a1,a2) n"
. a9
a2
aq .
. —as n" .
—qu n’

sisdjpuy jpuonoun,y




and
& . . . —b

bo

e - - —(-on
by . .

. . . . b1 .
—b . . . . ffr

C ey ) = . . T e .
by | —bo

—(1'—q)/ﬁ . . . b‘l. .
: N : &

e

When ¢ = 1. Then, from the Choi matrices Cp, , . and Co, , . the linear maps ®(, a1, az) is completely positive and (¢, by, b) is completely

copositive. On the other hand, when ¢ = 0. Then ®(n, a1, a)) is completely copositive and ®(&, by, b2) is completely positive. Hence, ®(u, c1, ¢2) is

decomposable.

0

sisdjpuy jpuonoun,y

o1
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5. CONCLUSION

It is known that every positive linear map ® form Ms(C) to M,,,(C) is decomposable
if and only if m < 3. The map ®(, ., ¢,) from M3(C) to My(M;(C)) is also decomposable
with 2 x 2 matrices as the entry elements of the Choi matrix in M3(M;)(C). However, a
look at the example by Woronowicz [11] and Tang’ [10] of a map from My (C) to M4(C)
when approached as a map from My(C) to My(My(C)) fails to be decomposable with
2 x 2 matrices as the elements of it’s Choi matrix.Note that the decomposition of these
maps is not unique.
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